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Abstract

We consider the evolution of a small rigid body in an incompressible viscous fluid
filling the whole space R>. When the small rigid body shrinks to a “massless” point
in the sense that its density is constant, we prove that the solution of the fluid-rigid
body system converges to a solution of the Navier—Stokes equations in the full space.
Based on some L? — L7 estimates of the fluid—structure semigroup and a fixed point
argument, we obtain a uniform estimate of velocity of the rigid body. This allows us to
construct admissible test functions which plays a key role in the procedure of passing
to the limit.

1 Introduction

In this work, we investigate the interaction between a viscous incompressible fluid and
a small rigid body, which is completely immersed in the fluid. The fluid we consider
here is governed by the three dimensional Navier—Stokes equations. The motion of
the rigid body obeys the conservation of linear and angular momentum, in particular,
without taking into account the influence of the gravity. Here we are interested in
describing the dynamics of the fluid-body system as the rigid body shrinks to a point.
Now let us precisely state the problem.
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1.1 Statement of the problem

We assume that the rigid body is a ball of radius ¢ > 0 and centered at h.(r) € R,
occupying the area

Se(t) = B(he(1), €)
in R3. The fluid domain, denoted by F.(t), is the exterior part of S (), i.e.
Fe(t) = RO\S ().

We denote by n(z, x) the unit normal vector field of d.F; (¢), which directs toward the
interior of S, (7) and is independent of the size of the body ¢. The fluid is supposed to
be homogeneous with density p;gf = 1 and constant viscosity v > 0. The velocity and
the pressure in the fluid are denoted by u. (¢, x) and p.(t, x), respectively. With the
above notation, the system describing the motion of the rigid ball in the fluid, for all

t > 0, reads

e Fluid equations:

Oug + (ug - VYug —vAug +Vp, =0 Vy e F (1),

. (1.1)
divu, =0 Vy e F(1),
e Rigid body equations:
mehe(t) = — / o (ue, pe)nds, (1.2)
9S: (1)
(Jewe) (1) = —/ (y — he) x (0 (ug, pe)n)ds, (L.3)
9S8, (1)
e Boundary conditions:
ue(t, y) = he(t) + we () x (y — he(1))  Vy € 38:(1).
lim u.(r,x) =0 Vi e (0, 00). (1.4)
[x]—00
e Initial conditions:
ue(0, y) = ul(y) Vy e Fu(0),
(0, y) =u (y) Vye Fe(0) (15)

he(0) =0, he(0) =12, w.(0) = .

Here we assume that the initial position of the center of mass for the rigid body is at
the origin. In the above equations, w, () represents the angular velocity of the body.
Let us denote by p? the density of the rigid body, which is assumed to be constant, i.e.,
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The vanishing limit of a rigid body...

pi = p. The constant m, and the matrix J, stand for the mass and the inertia tensor
of the rigid ball and can be expressed as below, respectively:

(1.6)
The Cauchy stress tensor of the fluid o (u¢, p.) is given by
o (ug, pe) = 2vD(ue) — pels,
where /3 is identity matrix of order 3 and D(u,) is the deformation tensor
D(u;) = % (Vug + (Vug)T) . 1.7)

We introduce here some notation which is used throughout this paper. For any
smooth open set @ C R3, the notation L? () and W*?(0), for every s € R and
1 < p < oo, represents the standard Lebesgue and Sobolev—Slobodeckij spaces,
respectively. For p = 2, as usual we use the notation H*(0). Moreover, we define the
divergence free spaces as follows:

L2(O)={f e LP(O) |divf=0in O},

. . (1.8)
H(0) = {f € H*(O) |div f =0 in (9}.
For the sake of simplicity, we denote by || - [/, » and | - | the norm in L?(O) and
in R3, respectively. For a matrix M, we denote by MT the transpose of M. Finally, if
a function f only depends on time 7, we denote by f its derivative with respect to 7;
and if f depends on both time and space, we use 0; f for its partial time-derivative.
We assume that the initial data in (1.5) satisfy

ud € LA(F:(0), divul =0 in F.(0),

1.9
u&n:(l?—}—w?xy)% on 95.(0). 4%

The second condition above is a weak version of the Dirichlet boundary condition in
which only the normal components of the fluid velocity and of the solid velocity agree
on the boundary of the obstacle.

Remark 1.1 (Energy estimates) Taking the inner product of (1.1) with u,, integrating
the result by parts and using the equations (1.2) and (1.3), we get the following energy
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estimate (see, for instance, Gunzburger et al. [15]):

t
e (D727, 1) + MelheOF + (e p (1)) - @ (1) + 4v /0 1D 7. 1))
<12 oy F el 102 + (o) - .
Note that the tensor of inertia J; is positive. We observe that if the initial data ug, lf;) and
a)g are bounded, we then have the boundedness of u, (¢) and m|h.(t) |2. Nevertheless,

the energy estimate above is not enough to obtain a uniform estimate of the velocity
of the rigid body i.e. h.(¢) when the mass of the rigid body tends to zero.

1.2 Weak solutions and main results
In order to introduce the Leray—Hopf weak solution and state the existence of solutions

of the system (1.1)—(1.5), let us first extend the velocity field, still denoted by u., as
follows:

ue(t,y) = Lr yue (1, ) + 1,0y (he (1) + 0 (1) x (y = he (1)) ¥y € R,

where 1,4 is the indicator function of the set A. Clearly, with conditions (1.9), we
know that

ud e L2(R%), divu® =0 in R3.

We also define the global density of the fluid-rigid body system in R> as follows:

pe(t,y) = 15,1 (¥) + pls,(y(VE > 0, y € R’ (1.10)

Now we introduce the definition of a weak solution of the system (1.1)—(1.5).

Definition 1.2 (Leray—Hopf weak solution) We call the triplet (u,, he, we) a global
Leray—Hopf weak solution of the system (1.1)—(1.5), if for every T > 0 we have

u, € L0, T; L>*(R*) N L*0, T; H' (R?)),
Ue(t,y) = he(t) + @p(t) x (y — he (V1 € [0, T), y € Se(2),

and u,. verifies the equation in the following sense:
T T
_/ / Pelte + (05 e + (e - V) @) dyds + 2”/ / D(ug) : D(ge)dyds
0 JR3 0 JR3
= / P (y) - 9:(0, y) dy.
R3
for every ¢, € C([0, T); H!(R3)) such that D(¢;) = 0 in S, ().
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There is a large literature about the existence of weak solutions of fluid-rigid body
system in the past few decades. The first result about such problem has been established
by Serre in [25], where the author proved the global in time existence of Leray weak
solution. Here we do not mention more about the existence issue, but state the following
result for self-contained reason. For more details, please refer to [4-6, 15, 25].

Theorem 1.3 (Existence result) Letu(g) e L2(R?) be divergence free such thatD(ug) =
0 in S¢(0). Then there exists at least one global weak solution (ug, he, wg) for the
initial-boundary value problem (1.1)—(1.5) in the sense of Definition 1.2. Moreover,
ue satisfies the following energy estimate:

t
[ puP v [ [ 1D@oP < [ peudPve = o.
R3 0 Jrs R3

Our purpose in this article is to investigate the asymptotic limit of the system (1.1)—
(1.5) when the size of the rigid body goes to 0. Before stating our main result, let us
first review some related references. The vanishing limit of small obstacle problem
has been studied by a number of work, in both incompressible and compressible cases,
with various assumptions on the fluid and, in particular, on the parameters of the body.

When the small rigid body is fixed inside the fluid, for instance, Iftimie et al. [18]
proved the limit of u, satisfies the 2D Navier—Stokes equations, with assumptions on
the initial vorticity and the circulation of the velocity around the body. Later on, Iftimie
and Kelliher [19] considered the same problem in 3D. Moreover, the influence of the
precise geometry of the small obstacle in the fluid is of particular interest. Lacave
studied the case of a thin obstacle tending to a curve in [20] for 2D and in [21] for
3D. More recently, Chipot et al. considered in [3] the vanishing limit problem in a
2D periodic flow where the domain of the fluid is punctured by a star-shaped open
connected set.

In the case that the obstacle can move under the influence of the fluid, the asymptotic
behaviour of the fluid-rigid body system becomes more complicated. Lacave and
Takahashi in [22] considered a small moving disk into a viscous incompressible fluid
in 2D with the assumption that the mass of the obstacle tends to zero along with its size
and some small initial data. When the density of the body goes to infinity as its size goes
to zero, the convergence has been proved by He and Iftimie [16] for 2D and [17] for
3D only using energy estimates and without small initial data. More recently, Feireisl
et al. [10] extended the result of [22] by removing the restriction on the initial data and
the shape of the rigid body for both 2D and 3D. In particular, their assumptions allow
the density of the body to be asymptotically small. Moreover, Bravin and Necasova
[2] obtained some estimates of the velocity of the rigid body under the assumptions
mee~ /2 — 400 for3D and m, > C > 0 for 2D, which seems helpful for vanishing
rigid body problem. In addition, there are some recent work that dealt with the similar
problem in viscous compressible fluid, please refer to [1, 11, 12] for more details.

Intuitively, the vanishing process of the body should be induced directly by the
decreasing of the volume of the body, rather than the variation of the density. With
constant density, the technique employed in [22] is the so-called L? — L9 estimate of
the fluid—structure semigroup established in Ervedoza et al. [7], which gives a uniform
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estimate of the obstacle velocity. Here we are interested in studying the corresponding
problem with the similar setting in 3D, based on the recent long time behaviour work
by Ervedoza et al. [8]. We finally remark that the long-time behavior of solutions to a
fluid-rigid disk system in 2D case has been also studied in Ferriere and Hillairet [13]
with somewhat different setting.

Still using the notation introduced at the beginning of this section, our main theorem
can be stated as follows:

Theorem 1.4 There exists a constant yy > 0 such that if

° ug(x) € L2(F.(0)) N L3(F:(0)) is divergence free and satisfies ug -n =
(12 + a)g X y) -n on 385.(0);

° ug(x) converges weakly in L2(R3) 10 some ugp(x);

o we have the following smallness of the initial data

1) 27 opnriE oy 2] [02] < vo.
then, for any T > 0, we have
ug—u weak —xin L°°(0, T; L>(R*) N L*(0, T; H'(R?)),

where u is a weak solution of the Navier—Stokes equations in R> with initial data u,
i.e., u satisfies

T T
—/ / u-050+ @-V)p) dyds+2v/ / D) : D(¢)dyds
0 JR3 0 JR3
=/ u’(y) - 9(0, y)dy, (1.11)
R3

for any ¢ € CL([0, T); H!(R?)).

The main novelty brought by the present paper is twofold. Firstly, there is no specific
assumption for the density of the rigid body p, which is constant and independent
of its size €. That is to say, we deal with the case where the rigid body shrinks to a
massless point:

m5=53m1, J5=85J1.
Secondly, as already mentioned in Remark 1.1, energy estimate is not enough to
get such estimate when the mass changes along with e. We thus showed that the
LP — L4 estimate, associated with the fluid—structure semigroup, in 3D is g-invariant,
i.e. independent of the size of body, allowing us to estimate the velocity of the rigid
body in a uniform way. This therefore implies the uniform convergence of 4, i.e., up
to a subsequence, as ¢ — 0,

he — h uniformly in [0, T],

where h € Wh4(0, T) for 1 < ¢ < %‘. Please refer to Sect. 2.3 for more details.
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The vanishing limit of a rigid body...

Remark 1.5 By constructing an appropriate approximation sequence of the test func-
tion, we actually obtain a local strong convergence for the solution of the fluid-body
system, up to a subsequence, i.e. for every T > 0,

Ug, —> u strongly in L2(0, T; LIZOC(R3)).

The proof is presented in Sect.4.

Remark 1.6 Although our main result is stated for constant density, presumably our
proof still works for the case where the density of the rigid body is larger than some
positive pg independent of e. Moreover, when the rigid body shrinks to massive point:

me =mjy, J8:82J1’

a similar result can be proven without using the L” — L9 analysis even for the body
with arbitrary shape. Finally we mention here that the above results hold as well in the
case of several bodies, as long as there is no collision and a positive distance between
the gravity center of each body, independent of the size ¢, between the bodies allowing
us to construct the admissible test functions.

Remark 1.7 To achieve the result for the body with arbitrary shape, it needs delicate
change of variable including the rotation. The usual change of variable in Sect.2.1
would not give a fixed spacial domain. If using simply “y = Q(¢)x + h(t)", there is
a unbounded term in space appearing in the model. For arbitrary shape, we mention
here a recent work by Maity and Tucsnak [24], where the theory is discussed in a
different framework and seems unavailable for vanishing limit issue directly. It is an
interesting open question whether the global existence can be achieved in our setting
for the non-spherical body. In any case the related estimates have to be built which
would need further work.

1.3 Organization of the paper

In Sect. 2, we first introduce change of variables to formulate the fluid-body system
in a fixed space domain. In particular, we give the uniform estimate for the solid
velocity which is based on the properties of the fluid—structure semi-group. Then we
constructed in Sect.3 an approximation sequence of the test function for the fluid-
body system and this will play a key role in the justification of the limit. To deal with
the nonlinear term, we show a strong convergence of subsequence for the solution
of fluid-body system in Sect.4. Section5 is devoted to passing to the limit from the
fluid-body system to the pure fluid system.

2 Uniform estimates on the solid velocity
In this section, we shall reformulate the fluid-body system in an abstract differential

equation by using the so-called fluid—structure operator and the fluid—structure semi-
group introduced in [8]. The main point is to obtain the uniform estimate of the velocity

@ Springer



J.He, P.Su

of the body, which plays an important role in the construction of the cut-off argument
in Sect. 3.

2.1 Change of variables

We first notice that, via a change of variables, the fluid-solid system (1.1)—(1.5) can
be written in a fixed spatial domain R? = F2US? with F? = F,(0) and SO = S..(0).
Setting x — y(t, x) := x + he(¢) and

vé‘(t’ x) = u&(tﬂ X + hé‘(t))ﬂ 7T<9(t7 x) = pé‘(tv X +h€(t))7
V) = ud(@), he(t) = Le(0),

the system (1.1)—(1.5), for every ¢t > 0, reads,

dve + [(ve — L) - V]ve — VAV, + VI, =0  Vx e FO, (2.1a)
dive, =0  Vx e FP, (2.1b)
mels (1) = —/ o (vg, ) nds, (2.1¢)
380
Jewg (1) = —/ x X (0 (vg, me)n)ds, (2.1d)
S?

Ve(t, X) =L (t) + we(t) x x  Vx € 3S?, (2.1e)
lim v (t,x) =0 Vr € [0, +00) (2.1f)

|x]—00
ve(0,x) =12, L(0) =12, w:(0)=0)  VxeFO. (2.1g)

In the above fixed spacial framework, the global density introduced in (1.10) becomes
Pe(x) = ]lfg(x) + p]lsg(x) Vx € R3.

Now we define the weak solution of the system (2.1) as follows.

Definition 2.1 The triplet (v, I, @) is a weak solution of the system (2.1), if, for
every T > 0, we have

ve € L% (0, T LZ(R3)> nL? (0, T Hl(R3)) ,
Ve(t, x) = lo(t) + we(t) x x YVt €[0,T), xe8,
and v, verifies the equation in the following sense:

T
—f f peve - (e +[(ve — o) - V]ge) drds
0 R3

T
20 [ [ D p@dsds= [ poleo g0 d,
0 R3 R3
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for every ¢, (¢, x) € CL([0, T); H!(R?)) such that D(¢.) = 0in S?.

It is not difficult to check that u, is a weak solution of (2.1) in Definition 1.2 if and
only if v, is a weak solution of (1.1)—(1.5) in the sense of Definition 2.1.

Recalling the tensor D introduced in (1.7), for every 1 < g < oo we define the
function space

X7 = X4(R3) = |c1> e L1(RY) )D(cb) =0 in Sg},

where the space LY has been introduced in (1.8). Since every ® € X7 satisfies
D(®) =0in Sg, there exists a unique couple [l a)]T eR*xR¥andg € LY (]—'g)
such that

D) = p(0) Lo (x) + (L + o X D)L g (). (22)

For the existence of / and w, please refer to, for instance, Temam’s book [27, Lemma
1.1]. Therefore, the space X{ can be specified as follows:

@
I | e LI(FH) xR xR [divg =0 in F?
w

and ¢(x) - n=(+wxx)-n VxeBSg

endowed with the norm
I@llxe = llelly 7o+ 111+ @]

Note that L9(R?) can be decomposed into X! with another two potential form
spaces, we define the projection operator:

P, : LY(R}) — X4, (23)
For more details about this decomposition, please refer to Wang and Xin [28, Theorem
2.2] or Ervedoza et al. [8, Proposition 3.1].

To reformulate the equations (2.1a)—(2.1g), for every 1 < g < oo we define the
operator A¢ : D(AY) — LI1(R3) by

D(AD) = {v e W9 (R N x4

vl € W2~‘1(f£)},

and
—vAv in }'2,
Alv:=14 2y

Mg JySY Je

D(v)nds + 2v (f x x (D(v)n) ds) x x in SY,
980
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for every v € D(AY).
The fluid—structure operator AL : D(A?) — X{ is defined by

D(A]) = D(AD),
and
Al =P Al 2.4

Forv, € LY (fg) with D(v,) = 0 in Sg, as we explained around (2.2), we denote
by V, the extension of v,,

Ve(t, x) = ve(t, X)L g0 (x) + (L, (1) + @y, (1) x X)L g (x). 2.5)

It is not difficult to see that we have the following relation:

1 1
vg(t,x)=V8|_7_-g, lvs(t)zm—/s0 Vedx, a)vg(t)z—J— - Ve x xdx.
€ € € &

By using the fluid—structure operator A defined above, together with the extension of
Ve in (2.5), one can rewrite the system (2.1a)—(2.1g) in the following abstract form:

Vg + A(gl Vaoz Pediv F5 (UE)’ (26)
Vg(o) = VS ’
with
Ve ® (Ly, —v:) on Y,
Fe(ve) = =7
& & {O on Sg

According to [8, Theorem 6.1], the operator A : D(A?) — X{ in (2.4) generates
a bounded analytic semi-group T¢ = (Tg,,)@o on XZ, which is called the Sfluid—
structure semi-group. Formally, we have the formula of the mild solution for (2.6):

13
Ve(t) = T4(1) VO + / T4 (1 — 5)Pediv Fe(ve(s))ds Vi > 0. (2.8)
0

Remark 2.2 The projection operator P, introduced in (2.3) is actually a Leray type
projection with additional condition D(vg) = 0 in 52. Therefore, in the definition
of A above, the function D(v)n can be replaced by o (v, )n since the operator P,
vanishes for the vector fields coming from a potential, i.e. P.(Vp,) = 0.
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2.2 Decay estimates for the fluid-structure semi-group

In this subsection, we quote the L? — L9 estimates of the fluid—structure semi-group
from [8, Theorem 7.1 and Lemma 8.1]. Since here we are concerned with the shrinking
limit problem, we need to show that these estimates are independent of the size of the
body ¢. This is the key tool to obtain the uniform estimates of the solid velocity.

Recalling the formula of the mass m, and the inertia matrix J, in (1.6), after change
of variables it becomes

m£:/ pdx, (Jg),,,-:/ o(Bx* —xixj)dx i,j=1,2,3.
89 89

&

Thereby we have the following relation:
— 3 _ 5
me =¢e°my, Jo=¢J1. 2.9)

Theorem 2.3 Forevery | < g < oo, the semi-group T2 (t) on X¢ satisfies the follow-
ing decay estimates:
e Forl < g < p < 00, there exists C1(p, q) > 0 such that

3.1 1
ITEOV2xr < Crp.t 2T P [V0lye Ve >0, VOe Xl  (2.10)
e For 1 < g < oo and p = o0, there exists Cy(q) > 0 such that

3
T4V < Colg)t™ % |V0lIye ¥t >0, Ve X4 (2.11)

° For% < g < ooand g < p < 00, there exists C3(p,q) > 0 such that for
every F, € L1(R3 R3*3) satisfying F. = 0 in Sg and div F, € L"(R3) for some
r € (1, pI\{oo}. Then we have

1

31 1y 1
ITL(OPediv Fellyr < C3(p @)t 2 72| Fell ooy V> 0. (2.12)
e For 1 < g < p < 3, there exists C4(p, q) > 0 such that

_3(1_1)_1
WH@MW®<Qmmt&‘JW@MgW>Q@eWWM$

Proof As we already mentioned, for fixed & > 0, these results have been proved in
[8]. Here we only need to verify that the constants C, C, C3 and C4 are independent
of . To this aim, we set
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and

vi(f, %) = ve(t,x), m(f,X):=em(t, x),

- - (2.14)
Ly () i= Ly (1), @y, (1) = gwy,(1).

Note that, for every 1 < g < oo, Vi (t) = T (1) VE0 is the solution of the following
system:

(2.15)

Ve + A1V, =0,
Ve (0) = V2,

where the operator A¢ has been introduced in (2.4) and it generates the semi-group
T? on X{. After doing the calculation, together with (2.14) and (2.9), we find that
V1 (f, %) defined by

Vi(f, %) = vl(f,i)]lf?(fc) + (Ly, (7)) + wy, () X )E)ILS?()Z).

satisfying (2.15) with ¢ = 1. This implies that the system (2.15) is e-invariant and, in
particular, that Vi (7, ) = T (7)V_ is the solution of (2.15) with ¢ = 1. In this case,
according to [8, Theorem 7.1], we have the estimate

3(1

1
T OVl < Citpo @)t ™2™ 71V lIgs Ve >0, V) e X7,

Based on the above analysis, this is equivalent to (2.10).
The estimate (2.11) can be verified in a similar way. For (2.12), we define

1
Fi(X) = S Fe(),

then V,(t) = T, P.div F; also satisfies (2.15) with Vs0 = P.div F;. Hence, according
to [8, Lemma 8.1], we also have (2.12) where C3 only depends on p and q.
For the estimate (2.13), we employ a duality argument. For every 1 < ¢ < oo, the

dual operator of AZ, denoted by (A?)*, is given by (Af)* = AZ/ with é + % = 1.
For this, please refer to [8, Proposition 5.3] for more details. We denote by Tg, the
corresponding semi-group generated by A? . Let F, € L" / (R3; R3 X3) satisfy F, =0
in 82 and div F. € L7 (R%) with % <r' < ooand ' < ¢’ < oco. By density, we
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assume that F; € C2° (F2; R3>*3). For every V € X{, we have

IVTEV gy = s (VIZ0VY, F)

!

IFell, <1 L.
0.
= sup /OVTZVS : Fe
1Fell, 0 <1 JF

=— sup <']I‘ZVSO, PgdivF8> o
IFell, <1 Xe . Xe

’ .
——  sup <V50,T2P€d1vF€) ,
xd x?
TS ?.x1

0 ! :
< ”Vg ”Xg Sup ”Tg Pé‘dlv FSHX(/?
IFel,, <1 :

where we used the fact that F; = 0in S? and F, -n = 0 on S?. By using the estimate
(2.12) in the case that r = p, we obtain that

L
7

_3(1_ _1
IVTIVOU o < oty 3 38 g0y,

Recalling the assumption on r’ and ¢’, we derive that 1 < ¢ < r < 3. Note that

rl % = % — %, we immediately obtain the estimate (2.13), which ends the proof. O

7

Remark 2.4 During the proof of the last estimate (2.13), we could say that the operator

VT? is the dual operator of ']I“Z/IP’gdiv with respect to functions F, which vanishes at
the boundary 3S?.

Remark 2.5 It is worthwhile noting that, for fixed ¢ > 0, the estimates (2.10)—(2.13)
in Theorem 2.3 hold for arbitrary shape of the rigid body since it is only related to the
linearized fluid-body system.

2.3 Uniform estimate

The main aim of this subsection is to obtain a uniform estimate of / «(t). To do this,
we prove the existence and uniqueness of the mild solution for the abstract differential
equation (2.6)—(2.7), which is equivalently formulated from the fluid-body system
(2.1a)—(2.1g).

The main idea is to show that (2.8) is indeed the solution of (2.6)—(2.7). Actually,
this has been proved in [8, Theorem 8.2] by using the fixed-point argument. Here, for
completeness, we present again its statement and proof. In particular, we describe how
small the initial data we need and give the precise upper bound for the norm of the
solid velocity, which are not specified in [8].

Based on the extension of v, in (2.5), for every r > 0, we identify V, with the triple
[vs by, a)ve]T. In particular, V, = [v,S Ly, a)vs]T is a mild solution of (2.6) if and only
if it satisfies (2.8).

@ Springer



J.He, P.Su

Proposition 2.6 There exists yo, o > 0 independent of € such that for every VE0 €
X2 N X2 with

0
IVe'llx2nx3 < vos

there exists a unique solution Vy satisfying (2.8) and

;(1_1)
supt*\* P Vellyr < po (2.16)

t>0
forevery2 < p < o0.

Proof To present the proof clearly, we divide it into the following two steps.
Step 1: The existence and uniqueness of V, with VgO € Xg The main idea is to use
Banach’s contraction principle. We first define the space

Ve
Ve[l || 1V € CO(0.00: X9), 11V, € €O (0, 00): XZ¥)
Ke = Wy, ,
and min {t%, 1} Ve € C0((0, 00); L3(FD))

endowed with the norm

1 1
IVellic, := 173 Ve @)l oo (0,00:x8) + 12 Vel o0 (0,00; x20)

. 1
+ ” nlln{t2 . 1}VU8 ||L°°(O,OO;L3(.7:£))'
Now, according to the Duhamel formulation (2.8), we introduce the map
Ag 1 Ke — K,
with
t
A (Vo)) = 'H‘g(t)Vg0 + / Te(t — 5)Pediv Fe(ve(s))ds Vi >0,
0
where F,(v,) has been introduced in (2.7). We further introduce
t
D(Ve, We)(1) = / Te(t — $)Pediv Ge (ve, we)(s)ds Vi 2> 0,
0

with

Ve ® (L, — we) on F,

Ge(ve, we) = (2.17)
e {0 onSS.
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Note that for ve, w, satisfy the conditions in /g, it is not difficult to see that
div G, (ve, we) € L3(R3) for fixed s > 0. This implies that we could use the estimate
(2.12) for 3 < p < oo. In the remaining part of the proof, we use the notation B(-, -)
to represent the function:

1
B(a, p) := / (1 —s)"%sPds.
0
By change of variable, we notice that for all ¢ > 0,
t
B, B) =21 f (r —s)"%s Pds.
0
By using Holder inequality, we do the following calculation:
1 1 ! 1
FP e, we)llxe < 11C3(6,6) [ (¢ = )% (I1Vellxe | Wellxg + 1 Wel g ) ds
: o :
13
<2C3(6,0) | Vel 1 Wellk, B 7)) (2.18)

where we used the estimate (2.12) for p = 6 = gq.
Similarly, we have

1 33
12| D (v, we)llxe < 2C3(00, 6)|| Vellxc, | Well, B (Z’ Z) . (2.19)

where we used the estimate (2.12) with p = oo and g = 6.
For the last constrained condition in Cg, we also have

1
min{z2, BHIV® (ve, we)ll 13 (F0)
1 ! 3
< min{r2, 1}/ C4B.2)(t — )" I WellxslIVvell L3 (o) ds
) :

t
tminged, 1) [ €a6.3)0 =9 Bl 190
i ,

(2.20)
' s 1 minf2, 1)
< C4B D Vel N Wele, | & —s)" 3573 ————ds
0 min{s2, 1}
' 1 min{¢2, 1)
+ Ca4G3, )N Vel 1 Welle, | ¢ —s) 2————ds,
0 min{s#, s2}

where we used the estimate (2.13) with p = 3 and ¢ = 2, ¢ = 3. In particular, for
W, € K¢, we used
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and
1 . 1 . 3 1
max{s4,s2}min{s2, 1} > min{s4,s2}.

Note that for every ¢ € (0, 1) we have

' in{t2, 1 ro 33
[ [ s(32),
0 (t—s)4s4min{s2, 1} 0 (t—s)3ss 4 4
' in{r2, 1 t g3 13
[y [ (1)
0 (t—s)2min{s4,s2} 0 (t—s)2s4 24
Fort > 1, we have
' in{r2, 1 33 31
[ wen(2) o).
0 (t—s)3min{s4,s4} 4 4 4 4
' in{r2, 1 13 1
[ ol ) -e(1 ).
0 (1 —s)Z min{s?,s2?} 24 22

Based on the above calculation, we obtain from (2.20) that

L1 =
min{z2, 1}V (ve, we)ll 13 70) < CllVellxe, [Wellk. »

with

~ 33 31 1 3
¢ =Ci3,2) (B <Z’ Z) +B (Z’ Z)) +Ci3,3) <B (5, Z) B (_

Now putting together (2.18)—(2.21), we have

[P e, we)llc, < DollVellxc, [Wellxc, -

where the constant Dy is

D0=2C3(6,6)B< 3>—|—2C3(oo 6)8( 3)+é

"4 44

Now for || T, (1) Vg0 llxc,» we have estimate

11
2°2

B(l,i).
2 4

2.21)

_>>

(2.22)

1 1
TV llxs < C16, DN VEllxs, 12 Te@)Vllxe < 2DV llxs,
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and

1 L _1
min{e 2, IVTe OVl 5 o, < minfe2, 1Ca (3,312 VY g3

CaB.3)IVoys O <1< .
S) -t 0 <GB IV Iy
2033V g3 =1

Hence, we obtain
1T V2K, < DillV2lIxs. (2.23)
where
D1 = C1(6,3) + C2(3) + C4(3, 3).
Combining with (2.22) and (2.23) we arrive at
1AVl < DilV2lixs + DollVellk., - (2.24)

Setting

1 . R
R:=——, l:=min{— R}.
4Dy 2D

Let || VSO”xg < Ag. Assuming that || Ve llx, < R we derive from (2.24) that

N

[A:(Volk, < 5+ <R,

| X

R
4

which gives that the closed ball Bi, (0, R) = {V, € K|lIVillk, < R} is Ag-
invariant. With the same initial data, for V;, Wy € B, (0, R), taking (2.22) into
account, we compute

[Ae(Ve) — Ae(We)”ICg = [[®(ve, ve — we) + P(Ve — W, we)”ng
1
< 2DoR|| Ve — WsHICE < Envs - WsHICg,
which implies that A, is a contraction mapping. According to Banach fixed-point
theorem, there exists a unique V, € K, such that A.(V,) = V.. Moreover, from
(2.24) we find that there exists Cp, such that

IVelli, < Col V2l xs. (2.25)

Step 2: Further regularity of Vewhen VO € X2 N X3. For VO € X2 N X3, we shall
show that the solution V, obtained from Step 1 satisfies additional regularity. Now
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we reconsider the function G, (v, v,s) defined in (2.17) and check the availability of
the estimate (2.12). Before going this, we first show in this case that Vv, have new
property:

. 1
min{r2, 1}||VU5||L2(]-‘80)
. 1
<min(r3, 1) (IVT VY2 + 19w, vl .2) (2.26)

11

< Ca@. DIV +2C42. DCo V0l B ( > 5

)min{r%, Vel 2.

where we used (2.25). From above, we see that if VE0 satisfies

1
1Vl xs < min { 2. ,
FE 2C0C4(2,2)B (5. 3)

we derive from (2.26) that min{z 5 , LIV || oo (L2(F)) < ©0. Based on this condition,
it is not difficult to check that div G, (ve, ve) € LZ(R?), which means that the estimate

(2.12) makes sense when p > 2.
By using (2.10) and (2.12), we do some calculations as follows:

! 1
Vel < Q1@ + €322 [0 =973 (I WVellz + Vel Vel )

11
< C1(2, 2)||Vso||xg +2COC3(27 2)”‘/,50”}(36 (E, 5) ||Vs||xg~

Thus, we assume that V. satisfies

1
VOlys < min { o, =10,
IVl { 2CoB (L Dy max(C4(2.2), G52, 2)}} :

then V, € L™ (0, 0; Xg)
Moreover, we also have

3 51
14 [ Vellxee < C2(2)|IV8°||xg +2C3(c0,2)B (Z’ 5) [ Vellic, I Vellx2 < oo.

3(1_1
By using interpolation inequality, we obtain that t2(2 ”>V£ € L>™(0, o0; X7), for
every 2 < p < oo. More precisely, with ||V€0|| x2nx? < 0, we conclude that (2.16)

holds with
293 C3(00,2) C1(2,2)B (3. %)
1 -2 CoC3(2,2)B (3, 1)

ey

mo =C2(2) yo +

Now the proof is completed. O
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Remark 2.7 We remark that the mild solution V, = [ve ,, @,,|" obtained in Propo-
sition 2.6 is a weak solution of the fluid-body system (2.1), associated with the initial
data (vg, lg, a)g), in the sense of Definition 2.1. The proof is similar to the proof of the
similar results in two-dimensional case (see for instance [26, proof of Proposition 2.5])
and also similar for the Navier—Stokes system (see [9] and [23]), after the appropriate

choice of the function spaces.

Based on the structure of V; in the space Ke, we immediately obtain from (2.16)
that the solid velocity /,, = h.(t) satisfies

3 .
sup?#|he ()] < Ko-
t>0

Recalling that 4, (0) = 0, according to Leibniz formula, we have for every ¢ € [0, T,

t t
TROIES / e (D)]d7 < ,uo/ ride < 4poTH,
0 0

which means that the sequence (/) is uniformly bounded. Moreover, we see that (%)
is bounded in W14 (0, T; R®) for 1 < ¢ < %. This implies that, up to a subsequence,

he—h weaklyin W'9(0, T).

According to Morrey’s inequality, we have W14 (0, T) < C%*[0, T] with 0 < o <
1-— % and 1 < g < %, which gives that (%) is uniformly equi-continuous. Therefore,

according to the Arzela—Ascoli theorem and the compact embedding C*%[0, T'] <
€0, T], we obtain that (h,) converges uniformly up to a subsequence, i.e.

he 8—_>(>) h uniformly in [0, T],
where h € Wh4(0, T) with 1 < q < %‘. We used the uniqueness of the limit in the

above analysis.

3 Modified test function

In this section we construct an approximate sequence of the test functions for the fluid-
body system. This will be used to justify the limit of the solution in the remaining part.
The main idea comes from the technique used in [22].

We first define the cut-off function x (x) : R3 — [0, 1] and x €C ®(R3: [0, 1)
such that

0 in B(O, é),
x(x) = 2 3.1
1 in (B(0,2))°.
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Denote the annulus Q; := B (0,2)\B (0, %) Using (3.1), we introduce a cut-off
function x,. (¢, x) near the ball B(h(t), ¢), for every ¢t > 0, as follows:

3
— 0 in B(h —
Kot %) 3=X<XTh(I))= " <(t)’28>’ (3.2)
1 in (B (h(r),26))°.

Similarly, we denote the annulus for x. as Q.(¢) := B (h(t),2¢e) \B (h(t), %8) We
observe that supp(xe — 1) € B (h(z),2¢) and supp(Vyx.) € Q(¢). We introduce
the following lemma for some properties of the cut-off function y. (¢, x), which are
frequently used in the convergence of the test function.

Lemma 3.1 For every T > 0, the cut-off function x.(t, x) defined in (3.2) satisfies

o X € WH(0,T; C¥R3) for 1 <q < %;
e Foreveryt € (0,T), xc vanishes in the ball B (h(t), %8),‘
o There exists C > 0, such that

3 1
xe (@ Ipoo@sy =1, lxe ) = U2gs) < Ce2, Ve, )llp2ms) < Ce?.

Proof 1t is clear that the regularity of x. for time inherits from the regularity of (z).
Based on the definition in (3.2), x. is C*° with respect to the space variable. The
second one is obvious from (3.2).

For the third statement, || x.(z, -)|| Lo®R3) = 1 is easy to check, so we do some
calculation as follows for the last two estimates:

1
(x — h(t))
x|—) -1
&

2 2
1 xe (2, x) = Uip2msy = (/ dx)
B(h(1),2¢)
1

( X — 1P 3dy> < Ce?,
B(0,2)

—h
IV xe (2, X)ll 2R3y = (/ x (t))
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Proposition 3.2 Let T > 0, assume that ¢ € C°([0, T) x R3) with dive = 0. For
every € > 0, there exists ¢, € Wcl’q([O, T); HI(R3)) withl < q < % satisfying

divg. =0 in (0,T) x R?, (3.3)
0. =0 1e[0,T), xeB (h(t), ;;) , (G4)
0. 23 o stronglyin L=, T: H' (R%)), (3.5)
and
dge 23 8,0 stronglyin L9(0, T: L2(R)). (3.6)

Proof With the cut-off x defined in (3.1), we introduce
@e(t,y) == @(t, h(t) +ey) - V().

It is not difficult to see that ¢, (¢, y) € Wcl’q([O, T); L?(2)) and @, satisfies zero-
mean property on €21 (€21 has been introduced in (3.1)). Indeed, we have

/si)a(t,y)dy:f @, h(t) +ey) - Vx(y)dy
Q1 Q)

= / o(t, h(t) +¢ey)-nds = / dive(t, h(t) + ey)dy = 0,
3B(0,2) B(0,2)

where we used div ¢ = 0 and the definition of x in (3.1). In this case, the problem

divg, = ¢ in i,
g5=0 at 092,

has a solution g, € WH4(0, T; HOl (21)) and there exists C > 0, such that g. (¢, y)
satisfies

||§a||LOO(o,T;H1(Ql)) C||<Z7s||L00(0,T;L2(Ql)), 3.7

<
10:8e Ml Laco.7: 11 21)) < CUOPellLaco.7:02(02)))- (3.8)

For the above inequalities, please refer to, for instance, [14, Theorem III.3.1 and
Exercise II1.3.6] for more details.
Consider zero-extension of g, on R? and define

Pe(t, x) 1= @1, X) xe (1, X) — ge(t, X), (3.9

with
- x —h(t)
8e(t,x) =g (t, T)
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where the function x, has been introduced in (3.2). After doing change of variables

y = =0 we find that

~ _3
18e(t, W23y = € 2118 (1, X) I 2R3y,

~ _1
Vyge (@, Ml 2w3) = € 211Va&e (7, )l 2R3 -

Moreover, we have

0@ M2y < lelee@pllVxllz) < Clellipsms)-

We obtain from (3.7) that

e! 1gellLooo.7:L2®3y) + 1V&ellLooo,7: 2R3y < Ce? ol oo (0,7)x®3)- (3-10)

Now, we consider the difference ¢, — ¢. Using the formula of ¢, in (3.9) and the
inequality (3.10), we have

-1
e loe — @llpoo.1:22®3) + IVOe — Vol o0, 7: 123
1 _
< Ce? @l oo 0.7y xR3) T & Mg (xe — Dllzoo0,7;02®3))
+ IV (pxe — @) lLoco.1: 2R3 -

By using the properties in Lemma 3.1, we estimate the last two terms on the above
expression:

_ 1
UeOe — Dllze.7: 2@y < CeZ 10l oo 0.7y xR3):
IV (@xe — @) lo.7:2®3) = IVo(xe = D + ©Vxellpoo.7:22R3))

3 1

< Ce2[[Voll pooo.1yxr3) + C2 @l Loo 0.7y xRY)
1

< Ce2|lpllwrcoo,1)xR3)-

Hence, we conclude that

Me — @llooo.r: 2@ + 1V — Vol Looo.7: 123 < < Ce? l@llwi.co0,1)xR3)>
which implies directly that
@s —> @ stronglyin L>®(0, T; H'(R%)).

For the time derivative, using (3.9) we compute:

3 1.
01@e — 010 = X010 + @V xe — 0r8:(1, X) +Vge(t,y) <—gh(t)> — 0rp

=09 (Xe — 1)+ @Vxe — h(t)Vge(t, x) — ,ge (¢, ) . (3.11)
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We estimate the terms on the right hand side of (3.11) one by one:

[SI[o%)

10:0(xe — Dllz2®3y < 10:@ll Loyl xe — 23y < Ce2110:@ll oo R3)s
1

loVixellzwsy < Ce2ll@llpoors),

<C

. 1 -
1R ()Y gell 12 r2) e2 [kl Lo r3)>

3 ~
10:82 (2, ) L2r3) < €2110:&e | 2R3>

where we used (3.10) and Lemma 3.1. Combining with all estimates above, we obtain
from (3.11) that

3 1
19:pe = Bl 2@y < Ce2 1109l o) + CeMl0ll Lo )
1 . 3 ~
+Ce2 |h()]||@ll oo w3y + €2 110:Ze ll 12 r3)-

Taking the L9 norm with respect to time ¢ on (0, 7) and using the embedding
L0, T) — L9(0,T)for1 < g < %, we have

1 3 ~
10r s — 3t<ﬂ||Lq(o,T;L2(]R3)) < Ce2 ||¢||lew((0,T)x]R3) +Cez ||8tgs||Lq(o,T;L2(R3))o
(3.12)

Moreover, note that

10:@ell 23y = VX 0@l 23y < 0@l Loy IV X 123y < ClUO@ll Loow3)-
(3.13)

Putting (3.8), (3.12) and (3.13) together, we derive that

1
[10; e — 3t€0||Lq(o,T;L2(R3)) < Ce2 ||(/)||W1,°C((0,T)><R3)-
This immediately gives that
dpe —> O stronglyin L7(0, T; L*(R%)).

Finally, according to the structure of ¢, in (3.9), it is obvious to see that (3.3) and
(3.4) hold, which ends the proof. O

Remark 3.3 Compared with the result in [22], here we have strong convergence of
the approximate sequence (¢¢) in L*°(0,T; H L(R3)) and L9(0, T; L2(R?)). This
benefits from that we consider the convergence in L2(R%), rather than in L3(R3),
which is to match the regularity of the weak solution for the fluid-body system and
for the Navier—Stokes equations.
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Remark 3.4 We claim that the sequence (¢.) constructed in Proposition 3.2 is an
admissible test functions for fluid-body system. Indeed, we know from the strong
convergence h, —> h that there exists 69 > 0, such that for every ¢ < &g, we have
lhe — h| < %8. In this case, we obtain from (3.4) that

0. =0 in B(he(r), o).

4 Strong convergence

In order to pass to the limit for the non-linear term, we derive in this part the strong
convergence of some sub-sequence of (u;) in L0, T; leoc (R3)). Precisely, we prove
the following result.

Proposition 4.1 There exists a sub-sequence (ug,) of (ug) which converges strongly
in L2(0, T; L} .(RY)).

loc

Proof We derive a time estimate and use the Arzela—Ascoli lemma to get a strong
convergence. By the definition of the test function constructed in Sect.3 (see (3.9)),
we find that even if ¢ does not depend on time variable, the modified test function ¢,
still depends on. Let ¢ € C° (R3) be a test function with divg = 0, we construct a
new test function ¢, as in Sect. 3,

@e(t,x) == @(x) e (1, X) — g (1, X), 4.1)
where the function x. and g, has been introduced in (3.2) and (3.9), respectively.
It is not difficult to see that ¢, (¢, x) defined in (4.1) satisfies the properties of Propo-

sition 3.2.
We first estimate the following term:

[ a0 g as] = | [ e oren = st ax
R3 R3
< el 2l 2 el e + el 2 lge 2

3
< C (Nuell 2ol + &2 el 2 gl )

where we used Lemma 3.1 and estimate (3.10). Then by the Sobolev embedding
H? — L in 3D, we get that

[ et et 2] < Clluch gl < Cullole,
R

where we used the boundedness of u, in L®(0, T; L*>(R?)).
Based on the above estimate we find that, for fixed  and for any ¢ € C° (R3) with
divergence free condition, the map

g0|—>/ ug(t,)c)-(,ot,g(t,)c)dxG}R3
R3
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is linear and continuous with respect to the HZ-norm. Therefore, according to the
Lax-Milgram theorem, there exists some function U, () € (Hg (R3))/ , such that

(Ue(1), @) =/ ue(t, x) - g (1, x)dx Vo € HX(R?).
R3

Based on this notation, we note that for ¥ € H*(R?) with Pyr € H2(R?)

[(PUe, ¥} | = [ (Ue, PY) | = ‘/w ug - (PY)edx| < ClIPY [ g2 < CllY |l 2.

This gives us that

IPU:(Oll > < C1 V1 20, 4.2)

where PP denotes the usual Leray projector in R3, i.e. the L2-orthogonal projection on
the subspace of divergence-free vector fields.

Recalling Remark 3.4, for small ¢ > 0, the function ¢, (¢, x) constructed in (4.1) is
an admissible test functions for the fluid-body system. Thereby, using the definition
of (U(1), ), we obtain from the weak formulation of u, on the time interval (s, t)
that

(Ue(t) — Ue(s), @) = / ug(t, x) - elt, x)dx—/ ug(s, x) - e (s, x)dx
® (4.3)

// ug~af¢6+// (e - V) s - (PE*ZV// Dlue) : D(ge).

We shall bound the three terms in the right-hand side above. Since there is Vg, on
the right side of (4.3), we need H'-estimate of ¢,. According to Proposition 3.2, we
know that ¢, converges strongly to ¢ in L>(0, T; H'(R?)), which implies that

l@ellzooo, a1y < l@llgt + loe — @llpoco, 751y < Cll@ll 2. (4.4)

Thus, by using Holder’s inequality we have

t
V/ / D(ue) : D(pe)| <
s JR3

1
S COv(t = )2 el g2 lluell 20,7, 51

1
< Cv(t —9)2 el g2,

t
V/ 1D @)l 211D (@)l 2

where we used (4.4) and the boundedness of u, in L2(0, T; H'(R3)). Then we treat the
nonlinear term in (4.3). Using the Sobolev embedding H! < L% and the Gagliardo—
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Nirenberg inequality || f|l;3 < C|| fIl? 2||Vf||L2, we bound

t t
[ e ru o] < [l 19zl
s JRS s

o 3
C/ lluell 2 Vel el -
s

Hence, by Holder’s inequality in time, we get that

1 1 3
< C(t - S)4 |Iu8||zm(0,T;L2) ||u8||22(0’T;H1)“(pEHLDO(O,T;Hl)

- (e - V) ue - @e

1
S CE —s)4 el g,
where we used the estimate (4.4) and the boundedness of u, in L°(0, T; L) N
L0, T; HY).
Now, we consider the most complicated term, i.e. the term with time-derivative in

the right-hand side of (4.3). Recalling the construction of ¢, (see (3.11) for the explicit
expression of d; ¢, ), we have

t
/ ‘A‘@ Ug - 0r Qe = / / Xe 09 + @ Vyxe — 0r8:(7, x) — Vgsh(f)) . (4.5)
N
We conclude from the proof of Proposition 3.2 that

3
10- 82l L2r3y < Ce2 |09l Loo(r3)-

As ¢ does not depend on time, thereby we observe that the first term and the third
term on the right side of (4.5) disappear. Thus, we need to bound the remaining two
terms. Then (4.5) becomes

t 13 1
/ / Ug - Or e = / / ug - (@Vxe) — / / Ug (Vge}‘l(f)) . (4.6)
s JR3 s JR3 s JR3

Recalling the property of the cut-off function y, in Lemma 3.1, we derive that

t
</ el 2 el e ¥ xel 2
S

e - (P Vxe)
R3

1
S Cez(t —9)llell g2 lluell Lo, 7:12)
<C=9)lelp.
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For the second term in the right-hand side of (4.6), we bound

(Vg (r, (D)) ‘ f el 2 (D) Vel

< cgz||¢||H2/ lluell 2 17 (T)]
s

1 ’
Cex(t — ) |lgll g2 lhll i lluell oo, 7: £2)

<
<SCu—)" gl 4<q <o

where we used the estimates of g, in (3.10). Gathering the two estimates above, we
get that

< C(t =)@l 2,

Ug - 07 Qs
R3

with 4 < ¢’ < oo. Consequently, combining all the estimates above, we have, for
some constant C depending on v,

(Ue0) = Ues), @)] < (Cvt =)' 4 €t = )M+ Et = )17 ) gl

<Ct—9)" gl .

It implies that (PU,) is equi-continuous in time with value in H~ 2. Since (PU,) is
uniformly bounded in H ~2 (see (4 2)), according to the Arzela—Ascoli theorem and
compact embedding H 2 < HlOC , we are able to extract a sub-sequence (PU,, ) of

(PU,) which converges strongly in cYo,T: ngg ). We denote the limit of (PU, ) by
u,i.e.

PU,, —> u stronglyin L>(0, T; H;) (RY)). 4.7)

As ¢ is divergence free, we have Py = ¢. It then follows from the property of the
Leray projector that

<PU€k — Ugy, (P> = <U6k — Ugy, (P)
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Recalling the definition of Uy, and the test function ¢, , we can bound

|(PUs, — gy, )| = VH@ e (1, %) (g (2, %) — (x)) dx

< Nug 2 l@e, — @l 2

< ”usk lL21le (Xé‘k - 1) - gsk“Lz

< Nug 2 ll@lizoe e, — Uiz + e ll2llgee Il 2
3/2

< Cer®?lug 2@l oo

< Cepl?

< Ce® P llug 2@l g2,

where we used Lemma 3.1 and (3.10). By the density of Cgf’a in H{f, it gives that

3/2
IPUs, — eyl g2 < Cer™?|lug, |l 2.

As ug, is bounded in L*>(0, T'; Lz), we get that

3/2 e—>0
IPUs, — ey ll oo, 7:1-2) < CowPllug Il pooo,7:12) — O.

This, together with (4.7), implies that

0
g, “5 u in L0, T; Hig2 (R)).

C

Finally, by using the interpolation inequality:

1 3
< s 1
”ué‘k ”L§ (O,T;LZ ®3)) X C”uéik ” LOO(O,T;H];CS(R3)) ||u€k ” LZ(O*T;HILC(R3))’

loc

we conclude that

ug, —> u strongly in L2(0, T; L2 (]R3)).

loc

This completes the proof of Proposition 4.1. O

5 Proof of the main Theorem
Combined with the modified test function constructed in Proposition 3.2 and the

strong convergence in Proposition 4.1, now we are able to prove our main result, i.e.
Theorem 1.4.
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Proof of Theorem 1.4 We aim to prove that the limit # obtained in Proposition 4.1 is a
solution of the Navier—Stokes equations in R? with initial data uo(x). For every fixed
and finite 7 > 0, we need to show that the limit u verifies

T T
—/ / u-Osp+ u-V)p) dxds+v/ / Vu:V(pdxds:/ uo(x)-go(O,x)dx,
0 JRr3 0 JR3 R3

for every ¢ € CL([0, T); H}(R?)).
Based on our assumptions in Theorem 1.4, we know that

u, is bounded in L™ (o, T L2(R3)) nr? (0, T:H' (RS)) .

According to weak compactness, for the limit « in Proposition 4.1, there exists sub-
sequence (ug, ) of (ug) such that

ug,—u weak- % in L>(0, T; L*(R%)),
ue,—u weakly in L(0, T; H'(R%)). (5.1
The above subsequence (i, ) can be chosen by diagonalization method.
Letgp € C°([0,T) x R?) with div ¢ = 0. For small ¢ > 0, we can take the family

(¢e)e>0 obtained in Proposition 3.2 as the test functions of the fluid-solid system (see
Remark 3.4). According to Definition 1.2, we have

T T
—/ / ug-asgagdxds—/ / Ue - (g - V)@ dxds
0 R3 0 R3

T
+2v/ / D(ug) : D(¢pe)dxds = / ug(x) - (0, x) dx. (5.2)
0 R3 R3

We pass to the limit ¢ — O for the four terms above.
Firstly, recalling the convergence results (3.6) in Proposition 3.2 and the continuous
embedding W14[0, T) — C°[0, T), we have

9:(0, x) —> ¢(0) strongly in L>(R?).

Together with the assumption that ug(x) converges weakly to u%(x) in LE(R?), we
derive that

/ug(x)~(pg(0,x)dx—>/ u®(x) - (0, x) dx. (5.3)
R3 ]R3

Putting together the weak convergence in (5.1) and the strong convergence of ¢, in
(3.5), we immediately obtain that

T T
/ / D(u;) : D(ps)dxds — / f D(u) : D(p)dxds.
0 R3 0 R3
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Moreover, we have

1 1 1
A@ D(u) : D(¢p)dx = 5/]1%3 Vu:Vgodx—l—E/RSdivudivgodxz 5/]1;3 Vu : Vedx.

Thus, we further have

T T
21)/ / D(ug) : D(pe)dxds — v/ / Vu : Vepdxds. 5.4)
0 R3 0 R3

For the term with time derivative in (5.2), we decompose it as follows:

T T
/ / u5k~8‘;<p£kdxds=/‘ [ Ug, - (05 @, — 05 @) dxds
0 JR3 0 JR3
T T
—i—/ /(ugk—u)~as(pdxds—|-/ / u-dgpdxds
0 R3 0 R3

The strong convergence of 9;¢;, in (3.6), together with the boundedness of the subse-
quence ug, in L0, T; L2), implies that

T T
f / ugk.(asgogk—am)dxdm/ ity 121135 95, — B @1l 2 ds
0 R3 0

1
ST gl oo, 7:12) 105 P, — 05 @l La0.7:12)

er—0

—> 0,
where ¢’ is the conjugate of g.

Note that ¢ € C°([0, T) x R3), according to the strong convergence of ug, in

L2(0, T; leoc) in Proposition 4.1, we obtain that

T T
/ f(ugk—w-aswdxdss/ e, — ull,2 110 @ll 2 ds
0 R3 0 loc

< lug, — M”LZ(O,T;LIZOC)HBS §0”L2(O,T;L2)

er—0
—

Gathering the estimates above, we get that

T T
/ / Ugy - J5 @g dxds —> / / u - 0y dxds. 5.5
0 JR3 0 JRr3

Now it remains to treat the nonlinear term in (5.2). That is to prove the convergence

T T
/ / (g, @ ug) 1 Vog, dxds EQO/ (u®u): Veodxds. (5.6)
0 R3 0 R3
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To do this, we decompose it as

T T
/ / (ug, Qug) : Vg, dxds =f / (U, @ ug) 1 (Vog, — Ve)dxds
0 JR3 0 JR3

T
+/ / (u£k®uek_M®M)ZV(pdxds
0 R3

T
—+—/ / (u®u): Vodxds.
0 R3

To treat the first term on the right-hand side, we use Holder’s inequality and the

Gagliardo-Nirenberg interpolation inequality || f|l 43y < ClIV f ||
to derive that

(R3 ” f ||L2(R3

T T
/0 /R (g ® uey) * (Vi — V) drds < /0 e 1241V e, — Vol

T
< / 1Vt 23t 12, 1906, — Vipll 2

ex—0
< T4 ”ué‘k ||L2(0 T- H])”ué‘k ”Loo(o T L2) ”(p&‘k ¢||L°°(O T; Hl) — O

where we used the strong convergence of ¢, in L>°(0, T; H 1) (see (3.5) in Proposi-

tion 3.2) and the boundedness of u, in L* (0, T; L?) N L? (0, T; H').
For the second term on the right-hand side, we write it as

T
/ / (g, Qug, —u®u) : Vodxds
0 JR3

T T
=f f (ug, —u) @ ug, :Vgodxds+/ / uQ (ug, —u): Vodxds.
0 JR3 0 JR3

Recalling that ¢ is compactly supported, by Holder’s inequality and the strong con-
vergence of ug, in L? o, T, L? ), we have

(5.7)

loc’?

T T
f / (e, — 1) ® g : Vpdds </ e — ull 2 lutey 2 IV @llo
0 0 0C

ex—0
< T2 lue, — M||L2(0 T;L2, )||Mak||Loo(() T: L2)||V<P||L0<>((o T)xR3) — 0.

Doing a similar manner for the last term in (5.7), the convergence (5.6) holds by
combining the above estimates. Gathering the convergence (5.3)—(5.6), we conclude
that the limit u verifies (1.11) and it is a Leray weak solution of the Navier—Stokes
equations.

This ends the proof of Theorem 1.4. O
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