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UNIQUENESS THEOREMS FOR THE BOUSSINESQ SYSTEM
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Abstract.  We address the uniqueness problem for mild solutions of the Boussinesq
system in R?. We provide several uniqueness classes on the velocity and the temperature,
generalizing in this way the classical C ([0, TJ;L3(R3))—uniqueness result for mild solutions
of the Navier—Stokes equations.

1. Introduction. The incompressible Boussinesq system describes the dynamics of a
viscous incompressble fluid with heat exchanges. This system arises from an approximation on
a system coupling the classical Navier—Stokes equations and the equations of thermodynamics.
In this approximation, the variations of the density due to heat transfers are neglected in the
continuity equation, but are taken into account in the equation of the motion through an
additional buoyancy term proportional to the temperature variations.

This paper deals with the uniqueness problems for mild solutions of the Boussinesq
system. With a minor loss of generality, and just to simplify the presentation, we will assume
in the sequel that the physical constant are all equal to one. In this case, the Boussinesq system
can be written as the following form,

00 +u-Vo =46
Ou+u-Vu+Vp=Au+ fes
(1.1) xeRreR,
V-u=0
ule=0 = uo, Oli=0 = 0o.
Here u: R?® x R* — R? is the velocity field. The scalar fields p: R* x R* — R and : R? x
R* — R denote respectively the pressure and the temperature of the fluid. Moreover, e3 =
(0,0, 1) is the unit vertical vector.
In the case 6 = 0, this system reduces to the classical Navier—Stokes equations.
The integral formulation of the Boussinesq system reads:

t
o(1) = e'6 - f eV - (Bu)(s)ds
0

t t
(1.2 u(t) = edug — f eIPY L (u @ u)(s)ds + f e199PY(s5)es ds .
0 0

V-u():O
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Here P denotes the projector on the space of divergence-free fields, which is also called
Leray’s projector. In this paper, we will work directly with the integral form (1.2) rather
than the original system (1.1). The solutions of (1.2) are usually called mild solutions. The
equivalence between the two systems is not only formal, but can be established rigorously in
quite general functional settings. We refer to the book of Lemarié-Rieusset (see Theorem 1.2
in [14]), for this issue in the particular case of the Navier—Stokes equations.

To write our system in a more compact form, we can replace the equation of 6 inside the
last integral and we get

t t
f e199PY(s)es ds = 1 ¢! TPhyes — f 19t — )PV - (Bu)(s) ds e3.
0 0

Next, let us introduce the three bilinear maps

(1.3a) Bi(u,ii) = — f e"IPY . (u®ii)(s) ds,
0
(1.3b) Bo(1,0) = —( f 94 (1 Z 9PV - (u)(s) ds)e3,
0
t
(1.3¢) B3(u,0) = — f 1Y L (uB)(s)ds .
0

Then our system (1.2) can be rewritten as

u(t) = "[ug + tPhoes] + By (u,u) + Bo(u, )
(1.4) o(1) = e'16y + B3(u,0)
V-uy=0.
This system is left invariant by the natural scaling (i, 8) — (14, 6,), with 1 > 0 and
ua(x,t) = Au(Ax, 1) and 6, = 0(Ax, 1%1),

and with the initial data transformation ug_(x) = Adug(Ax) and 6,(x) = A360(Ax). Notice
that,

lluo,allz = lluollz and 180,21l = ll6oll1
where || - ||, denotes the LP-norm, and these scaling relations motivate the choice of the space
(1.5) C([0,T], L*(R*)) x C([0, T], L' (R%))

for solving the Boussinesq equations. The unboundedness of the bilinear operator B; in
C([0,T], L(R?)) leads to construct solutions of (1.4) applying the usual fixed point not directly
in the space (1.5), but in a Kato’s-type smaller space, respecting the same scaling properties
as in (1.5). For this reason, let us denote by X the subspace of C([0, 7], L3(R?)), normed by

(1.6) lullx = sup llu()lls + sup Vellu(®)llo,
t€[0,T] 0<t<T
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and consisting of all divergence-free vector fields in C([0,T], L3(R3)) such that [lullx < oo
and lim; o V¢||u(t)|l = 0. Similarly, let us denote by Y the subspace of C([0,T], L' (R?)),
normed by
(1.7) 16lly = sup 161l + sup £2]10(1)]leo

1e[0,T] 0<t<T
and consisting of all functions [|f]ly < oo and lim,_#*?||6(¢)|le = 0. Then, when uy €
L3(R3) is divergence-free and 6y € L'(R?), it is easy to establish, just by suitably adapting
classical Kato’s method [12] for the Navier—Stokes equations, the following basic existence
and uniqueness result in the space X X Y:

PROPOSITION 1.1. Let uy € L3(R3) be a divergence-free vector field and let 6y €
L"(R3). Then there exists T > 0 and a unique mild solution (u,0) € X XY of (1.2).

The above solution is global-in-time when, e.g., ||ugl|3 + ||6o||; is small enough. We refer
in this case to [4, 5] for the study of their long time behavior, which strikingly differs from the
usual behavior as # — +oo of solutions of the Navier—Stokes equations.

One can establish several variants of Proposition 1.1. For example, we will state a much
more general local existence result in Theorem 2.4, where the L3(R?) and L'(R?) will be
replaced by considerably larger Besov spaces.

The main drawback of Proposition 1.1 is that the uniqueness of the solution is not ensured
in the natural class (1.5), but only in the considerably smaller class X X Y. In this sense, the
uniqueness result of the above theorem looks far from being optimal.

In fact, in the case of the Navier—Stokes equations, i.e. when 6 = 0, Kato’s existence
result of solutions in C([0, 7], L3(R3)) is completed by the well-known uniqueness theorem of
Furioli, Lemarié-Rieusset, Terraneo [11], stating that, for ug € L3(R3), there is only one mild
solution of the Navier—Stokes equations in C([0, T], L3(R?)), such that u(0) = ugy. See also
[18,20] for simpler proofs of this important result. Unfortunately, in the case of the Boussinesq
system, it seems difficult to establish the uniqueness of mild solutions in the natural class (1.5).
Indeed, no specific regularity result is available for solutions in such class: if we put no
additional condition on the regularity of u or 6 then the term 6u appearing in the equation of
the temperature is not even a distribution, so that giving a sense to the term B3(u, §) would be
problematic.

The purpose of this paper is to put in evidence alternative uniqueness classes for the
solutions of the Boussinesq equations. In this direction, our first main uniqueness result is the
following theorem:

THEOREM 1.2 (Uniqueness). LetT > 0, ug € L*(R?) and 6y € L' (R?), with V - ug =
0. Let (u,0), (ii, ) be two mild solutions of the Boussinesq system (1.2) with the same data
(ug, 69), such that
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(1.8)
u i € C([0,T], L*(R?)), and 6,6 € C([0,T], L'(R*)) N L2.((0,T), LY(R?)),

for some q > 3/2. Then, (u,0) = (i, 0).

Theorem 1.2 ensures that the uniqueness holds in a space considerably larger than X x
Y. In particular, the vanishing of the L9*-norm of 8(¢) as ¢t — 0 is not required for the
uniqueness.

Let us recall that, if o > 0 and 1 < g < oo, then a tempered distribution f satisfies
(1.9) sup 172]|e! flly < oo

0<t<T

forall0 < T < oo if and only if f € B,;f;(R3). For different values of 7', all these expressions
are equivalent to the usual inhomogeneous Besov norm || - || B;%,- If (1.9) holds with T' = oo,
then f belongs to the smaller homogeneous Besov space B;";(R3) and the converse is also
true. See [14]. By analogy, we define B‘;";’w(R3 ) as the space of tempered distributions f
such that, for some 7' > 0, supy_, . t7/2||e'4 f||a.» < co. Before stating our next theorem,
let us observe that the the solution obtained in Proposition 1.1 satisfies, for all 1 < g < oo, by
interpolation,

(1.10) sup 307161 |z < 00,  and }n%z%“‘%)||e(t)||u,m - 0.
0<t<T -

In the sequel, we will denote by ¥ . the subspace of L} ((0,T), L%*(R?)) made of functions

loc

satisfying (1.10). This space is equipped with the natural norm
161l = sup 272100
0<r<T
Here and below ‘sup’ stands for the essential supremum. When restricting to temperatures
in ¥, « the uniqueness can be granted as soon as the velocity is in C([0,T], L3(R3)), in this
case it is no longer needed to require that 6 belongs to C([0,77], L' (R*)). More precisely we
have the following variant of our uniqueness result:

THEOREM 1.3. Let T > 0 and (u,0) a mild solution of the Boussinesq system (1.2),
such that

(1.11) (u,0) € C([0,T], L*(RY)) X ¥,c0,

for some 3/2 < q < 3. Then the data (ug, 0) belong to L>(R3) x B;ig;l/q) and uniquely
determine (u, 0).

In Section 2 we prove Theorem 1.3, after establishing the relevant bilinear estimates in
Lorentz spaces, extending those of Y. Meyer in [18]. The proof of Theorem 1.2 will rely
on the result of Theorem 1.3. Next step consists in establishing some fine existence results
of solutions, encompassing Proposition 1.1, in the same spirit as Cannone’s [7]. The last
step of the proof of Theorem 1.2 consists in removing the restriction § € ¥, o: this will be
done by proving that any mild solution in the class C([0,T], L*(R3)) x C([0,T], L'(R?)) N
L ((0,T), L2 (R?)), must agree with the solution of Proposition 1.1. This last step makes

loc
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use of a compactness argument inspired an earlier uniqueness theorem by H. Brezis on the
vorticity equation [6].

Our estimates break down in the case ¢ = 3/2. For this reason, we do not know, for
example, if C([0,T], L*(R*))xC([0,T], L>*(R?)), or C([0,T], L*(R?))x Y3 /2,0 are uniqueness
classes for mild solutions of the Boussinesq system.

On the other hand, in our uniqueness results, it is possible to relax a little bit the
C([0,T], L*(R?))-condition on the velocity, and to replace it by a weaker condition of the
form u € C([0,T], D), where D is the closure in L>®(R3) of {f € L>®: — Af € L>*}. See
Remark 2.3 below. In the case of the Navier—Stokes equations, an even finer uniqueness result
is contained in the recent preprint by T. Okabe and Y. Tsutsui [21].

While there exists a rich literature on the uniqueness of solutions of the Navier—Stokes
equations, (see, e.g., [8,10,11,16,21] for a small sample of the available results), only few
earlier papers dealt with the uniqueness problem for the Boussinesq equations in scale-invariant
spaces. Moreover, such papers study, in fact, more or less different versions of the original
system (1.1) (a system with no diffusivity for the temperature in [9], or a nonlinear diffusivity
in [1], etc.), so that the uniqueness results therein are not comparable to ours.

2. Proof of the main theorems.
2.1. Preliminary estimates. To establish Theorem 1.3, inspired by [13, 18], we will
make use of the Banach space X3 o = L*((0,T), L>*), normed by

lullxs . = sup lu@)llpsoms) -
te(0,T)

We will make use also of the space X,, consisting of the subspace of Llloc((O, T), LP) made of

the vector fields u such that ||u|| X, < oo, where the X,-norm is defined as

1
1(1-
lullx, = sup 293P u@)ll,, 1<p<oo.
te(0,T)

Of special importance will be the space the case p = 3: in this case X3 = L™ ((0,T), L3 (R?)).
Concerning the temperature, we will often work in the space Y, of all the Llloc((O, T), L1(R?))
functions such that ||0||yq < oo, where

3(1-1
I6lly, = sup 2"V, 1< g<oo.
te(0,T)

Notice that ¥; = L*((0,T), L' (R?)).
The kernel K (x, t) of the operator ¢’P satisfies

2.1) K(x,1) = f3/21<(\%, 1), and  |K(x, D] <C+|x))73.
In particular, K (-, 1) € Vj<p<eo LP (R?) and

2.2) le'Plgeslly = Cr 2 )goll,,  1<r<s<oo.

On the other hand, the kernel F(x, ) of the operator ¢’ 4APdiv satisfies

(2.3) F(x,1) = t—2F(\%, 1), and  |F(x,1)| < C(1+|xD)7*.
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See [19]. In particular, F(-, 1) € L' N L* and
(2.4) IF(@0)llg = Cr27/F 1< p<o.

The following estimates are well known to Navier—Stokes specialists, see [18, Lemma 23].
Only the first one is subtle, the second one being just an application of Holder and Young
inequality in Lorentz spaces:

(2.59) 1By @, 0)|Ix;,0 < Cllllxs o 10115, 5
(2.5b) 1By (u, 0)Ix;, . < Cllutllxs o 10]lx, -

The counterpart of (2.5a) for the operator B3 is stated below. With slightly abusive
notation we will denote in the same way, by F(x,) the kernel of the operators ¢’“Pdiv and
e'div. Distinguishing these two kernels is unimportant in this paper because both kernels
satisfy properties (2.3) and (2.4), that are the only properties that we will need.

LEMMA 2.1. Let3/2 < q < 3. Ifu € X3 and 0 € Y, , then B3(u, 0) € Y. Moreover,
there exists a constant C > 0, depending only on q, such that, for all u and 6,

(2.5¢) 1B3(u, O)lly, .. < Cllullx; . M10lly, . -

PROOF. Let us recall that the quasi-norm
frosupalix e R £ ()] > A}\”q
>0
is equivalent to a norm that makes L9 * a Banach space. Here |A| denotes the Lebesgue
measure of the set A. With slightly abusive notation we denote || f||z4. the right-hand side
of the above expression, and treat it as a norm. Let us set oo = %(1 — 1/q). Without loss of
generality, we can assume that ||ul|x,,, = 1 and ||0||yqym = 1. In the computations below, C

will denote absolute constants. We start splitting

/2 t
17 B (u, 0) = —t”(f ¥ f JF(t =5 @o)(5) ds = (1) + (D).
0 t/2
To treat (I) we only need to apply the standard convolution and Holder inequality in Lorentz
spaces, see [14]. Using (2.4) with 8 = 3/2 we obtain
/2
(D) ||pa. < Ct‘ff (t—s) ls2-VD g5 < C
0

The estimate for (II) is less immediate. Fix a threshold A > 0 and let 7 > O to be chosen later.
We now write

an = —t(rf - F(t—s) = (ué)l[%,t])(s) ds — to'f F(t—s)* (ufl,

(o)

%,t])(s) ds
= J1(t) + L(2).
We estimate ||J; (7)[| by applying (2.4) with "% =2- é We obtain
t-7
171 (D)leo < Cf (t — 5)7173/CD g

0

=Cr/CD = /2.
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The choice of 7 > 0 is made in order to ensure the validity of the last equality.
1

The two relations above imply that |(II)(x, )| < 4 + |J2(x,#)|. Hence, for % =3+ é,

|{x eR3: |(ID)(x,1)| > /l}| < |{x eR?: |h(x)| > /l/2}|
< (ZIIJz(t)IILm )”

A

where the second inequality follows from the definition of || - ||rr.~. On the other hand,
t

I2(DllLre < t”f 1F @ = Il @bz ;) ()L~ ds
t

< CT1/2T= caali3,
From the last two inequalities we deduce that
Ax e B [l > 4 < .
where C is independent on A. This gives estimate (2.5c¢). O
LEMMA 2.2. Letl < po,p1,p2 < o0, and 1 < qo, q1 < oo. Then the following estimates

hold, for some constant C > 0 depending only on the above parameters (in particular, C is
independent on T):

1 1 1 1 1 1, 1
< —_< = —_ < —_ —_ = —_

(2.5d) |IB1(u,0)llx,, < Cllullx,, llvllx,, GeSomtmsh 0<-+-<354+-5),
1 1 1 2 _ 1 1 1
< —_<< = - < = — —_ —_

(2.5¢) [I1B2(u, O)lIx,,, < Cllullx,, [16]ly,, GoSmtgash §<yg+5;<l+5),
1 1 1 2 _ 1 1 1, 1

< < < £ s
@.56) 1B3w, Oy, < Cliullx, Iolly, — (E<Lt+l<i 2<lylolyly

PROOF. The proof just consists in applying Young and Holder inequality. For (2.5d),
one uses (2.4) with 1 + é = plo + (pl1 + %) (obvious modification of the choice of S for the
two other estimates). By the definition of the X, and the ¥, norms, one ends up with integrals
of the form fot(t — 5)@sP ds, that are all finite because our restrictions on the parameters imply
@, B > —1. One concludes observing that these integrals are equal to Ct**#*!, with C > 0
independent on 7. Let us mention that estimate (2.5d) already appears in the Navier—Stokes
literature, see [3]. O

Let us observe that in the last estimate of Lemma 2.2 the limit case go = ¢; and p; = 3 is
forbidden. Lemma 2.1, however, provides a substitute of this estimate for corresponding the
weak norms. In the same way, the first estimate of Lemma 2.2 in the limit case pg = p; = p2 =
3 is forbidden. But this estimate has a substitute for the corresponding weak norms, given
by (2.5a).

We will make use of weak variants of estimates (2.5¢), namely

252 I1B2w,60)lxs. < Cllullx, M6l . (5<5 <3,
2.5h) B2, 0)lxs., < Cllulix, 16lly,. G <o +5<1),
250 1B D)l < Cllullx, 10lly,.  (G+5 <1 F<i+i<i+g).

The proof is essentially the same as in Lemma 2.2. Notice that the case é = % in the former

1

estimate and the case 5+ é = 1 in the latter have to be excluded.
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2.2. The proof of Theorem 1.3. We are now in the position of establishing Theo-
rem 1.3.

PROOF OF THEOREM 1.3. Consider a solution (u, 6) satisfying the conditions of Theo-
rem 1.3. We have of course ug € L3(R?). By the equation satisfied by 6 in (1.4) and Lemma 2.1
we have ||e”'00||yqym < ||0||yqym +Cllullxs ||0||yqym. Recalling the observation right after (1.9),
we see that 6y € B;ii,};,l/ D
Now let (i, §) be another solution in C([0, T'], L3 (R3)) x Y, o arising from the same data.
Letw =u—dand ¢ = § — 4. Then,
w = By (w, u) + B1(ii, w) + Ba(w, 0) + By(it, ¢),
¢ = B3(u, ¢) + B3(w, 0).

Adding/substracting to u and i the linear quantity vy = e'ug + tPhpes], we find by esti-
mates (2.5a)—(2.5b),

(2.68) ||B1(w, 1) + Bi(@, w)llx;.c0 < Cllwllix; o, (Il = vollxy .. + 2llollx, + 11 = vollx; ., ) -

Recall that, by our assumption, % < % < % Hence, we can apply (2.5g)—(2.5h) choosing p;
in a such way that p; > 3. Then we get:

(2.6b)

1B2(w, 6) + Ba(@i, #)llx,... < Cllwllx,.. 16lly,... + Cliglly, ., (117 = vollxs.. + lvollx,, ) -
Combining the two last estimates we get

272 wllx; ., < Cllwllx; . (Ilu = vollxs .. + 2llvollx., + llit — vollxs . + I|9I|yq,w)

+ Cliglly, .. (17 = vollxs ., + lIwollx,,, ) -
We estimate |@]ly, ., by applying Lemma 2.1 and estimate (2.5i) with 3/2 < ¢ < 3 and
P=9q,
(2.7b) l¢lly,... = 11B3(u—vo+vo,P)lly, . +I1B3(w, Dy,

< Clllly,, o 12 = vollxs oo + lvollx,- ) + Cllwllxs o 10]ly, o
1 q 1

where qL =101- é). This choice of ¢* ensures that (2.5i) holds and 3 < ¢* < co. In (2.7),
the constants C > 0 depends only on q.

On the other hand all the norms in (2.7a) depend on 7. We claim that
llvollx., — O, asT — 0.
This can be seen as follows: first of all by our assumption (1,0) € X3 X ¥; 00 C X300 X
Y, «, and so B3(u,0) € Y, o by Lemma 2.1. In particular, because of the definition of ¥,
(see (1.10)), ||e"'90||qu < 10l + I1B3(u, Dlly, ., — 0as T — 0. Leray’s projector P
being bounded on L?* we deduce ||e’AIP’6)Oe3||yq’OO — 0as T — 0. Applying the semigroup
property ¢! = ¢'4/2¢4/2 and using the boundedness properties of ¢’/ in Lorentz spaces, we
deduce ||t e'“Phyes|lx. — 0 as T — 0. Moreover, ug € L3(R?), hence for any & > 0, we can
find ug . in the Schwartz class, such that |lug — ug |3 < &, and ||ug z||3 < ||uoll3. Writing

vo = e [(uo — uo.x)] + g - + te'Phyes
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we deduce from Young inequality that ||vg||lx,, < 2¢ for T > 0 small enough and our claim
follows.
With a very similar proof (using ¢ < 3 < ¢ and p; > 3) we see that

llvollx,- — O and llvollx,,, — O, asT — 0.
Next we claim that
2.8) llu = vollx; ., + Il = vollx;., — O, asT — 0.
Indeed, we use the inequality
llu = vollxs o, + 11 = vollxs .. < llu = € Pugllx, + Il = &' “uollx, + 2lize' ' Phoeslxs . -

Next, we use the fact that, as t — 0, u(t) — ug and ii(z) — ug in L (because of the continuity
of the two solutions u and i from [0,7] to L3(R3?)), and also that e?ug — uy in L3(R?).
Next we observe that ||te’AIP’90e3||X3m — 0as T — 0. (The last fact is proved applying the
semigroup properties of the heat kernel and the fact that ||e’ APgyes ly, . — 0asT — 0). This
implies our claim (2.8).

On the other hand, our assumptions on 6 and 6 ensure that,

I6lly,. —»0 and  |flly,. =0, asT —0.

Summarizing, we can now deduce from estimates (2.6) that there exists ¢ > 0 (depending
only on the data (uo,6p) and on ¢), such that, if 0 < T < ¢, then ||wllx,, < lI¢lly,., and
1#lly,.. <llwllxs.- This implies w = ¢ = 0, and so u(r) = i(z), 6(1) = G(r) forallz € [0,T].

When T > 6, the above argument implies only that u(¢) = ii(¢) and 6(¢) = 6(¢) forall ¢ €
[0,0). But, if 7 > 0is the supremum of ¢ € [0, T'] such that (u, 8) and (i, ) agree on [0, ¢], then
u(t) = ii(t) and 6(7) = (1) by the time-continuity assumption on the solutions. Then 7 =
T, as otherwise considering the new data at the time 7, we could apply the above uniqueness
result in the interval [r, 7 + ¢). This is indeed possible, since it is obvious by Lemma 2.1
that the solutions remain in the space X3 . X ¥, « after the time translation. We thus would
contradict, the definition of 7. The assertion of Theorem 1.3 follows. O

REMARK 2.3. The above proof shows that the uniqueness for mild solutions of the
Boussinesq system holds, in fact, in a class that is larger than C([0,T], L*(R?)) X ¥, co.
Indeed, let D be the closure in L>® of {f € L3 ([R3): Af € L3>*(R3)}. The space D was
characterized by Lunardi [17] to be the maximal subspace in L>»* where the Stokes semigroup
is Co-continuous, i.e., D is the space of all the L>* functions f such that

2.9) lim [|e*!f = fllgae = 0.
e—0+

See also [21] for a direct proof of this fact. If uy € L¥>*®(R3) is divergence free and satisfy (2.9)
with ug instead of f, then our proof goes through. We thus obtain the uniqueness in the larger
class C([0,T1], D) X ¥, «, with 3/2 < g < 3. Notice that D is strictly larger than L3(R3),
and it is larger also than the closure of smooth compactly supported functions in L> as, for
example, smooth functions decaying like ~ |x|~! at infinity do belong to D.
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2.3. Existence theorems. We start by establishing a quite general local existence
result.

THEOREM 2.4. Let 3/2 < q < 3 and 6y be in the closure of the Schwartz class in
B_3(1_1/Q)(R3). Let p > 3 such that % < % + é and ugy a divergence-free vector field in the

g,00
closure of the the Schwartz class in the inhomogeneous Besov space B;,(olo_w p) (R3).

(i) Then there exists T > 0 and a solution (u,0) of (1.2), such that (u,0) € X, X Y, and
llullx, — O, [16lly, = 0 as T — 0. Moreover there exists R > 0, depending only on p
and q, such that (u, 0) is the only solution satisfying ||ullx, < R and ||0|ly, < R.
(ii) (Regularity) The above solution belongs in fact to (X, N X&) X (¥; NYs). Moreover,
llullx, = 0and||0lly, = 0asT — 0.
(iii) - Under the more stringent condition ugy € L3(R3), we haveu € X € X3 N Xeo.
- Under the more stringent condition 6y € L' (R?), we have § € Y C Y] N Y.
- If (uo, B0) € L3 (R?) x L' (R?), then (u,0) e C([0,T], L3(R?)) x C([0, 1], L' (R?)).

PROOF OF THEOREM 2.4. To prove the assertion (i), let us write the unknown of the
integral Boussinesq equation (1.4) as v = (). Let also

EtA [ug + tPOges]

2.10 = )
(2.10) Vo ( ¢4, )
and

- _ (Biwid) + Ba(u,0)
B(v,¥) = ~ )
o ( B3(u. ) )
Then we see that an equivalent way of writing (1.4) is

2.11) v=vy+B(v,v),

complemented with divug = 0. We will apply the standard fixed point Lemma [18, Lemma 20]
to this equation in the Banach space E = X, x ¥,. To achieve this, we only need to prove the
existence of a constant Cp > 0 such that the following estimate holds for all v and V in E:

(2.12) BV, V)lle < GlIVIENVIE,
and such that
(2.13) Ivolle < 1/(4Co) .

If that is the case, then the fixed point lemma provides the existence of a solution v to the
abstract equation (2.11), such that

1
2.14 <2 —
(2.14) IVlle < 2lIvolle < 3G
1

The uniqueness of this solution is a priori ensured only under the condition ||v||g < 3

In fact, we already established estimate (2.12): it is an immediate consequence of
Lemma 2.2, applied with pg = p; = p» = p and go = q1 = q. The constant Cyp can be
taken independent on 7. On the other hand, by the characterization of the non-homogeneous
Besov space (1.9), the condition (ug, 6y) € B,_,’(:o_w P)x B;iﬁ,l_l/ ")(R3) precisely means a € E.
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But in fact the data belong to closure of the Schwartz class in their respective spaces, thus by
the usual approximation argument we have ||vg|[g — 0 as T — 0. In conclusion, (2.13) holds
true if 7 > 0 is small enough. Recalling (2.14), we get the first item of Theorem 2.4, with R =
1/(2Co).

To prove the assertion (ii), let us apply the first two estimates of Lemma 2.2 with p; =
P2 =p,q1 = qand % - % < % < % We obtain in this way Bi(u,u) € Xp, and B2(u,6) €
Xp- On the other hand, we know that e’dvy € X),, but as py > p we have also e’?vy € Xp,,
by the usual L” — LP0 heat estimates. Summing these three terms we find u € X,,. Observe
that if p > 6, then we can directly take pg = oo, otherwise we proceed by bootstrapping. After
finitely many iterations we find # € X.

Let us now apply the third estimate of Lemma 2.2 with g; = ¢, and p; = p, and % + é -
I<w
heat kernel estimates. This implies 6 € Y. If % + é - % < 0 then we can take directly gg =
co. Otherwise we proceed by bootstrapping and after finitely many steps we find 6 € Y.

Recalling that |[u|| X, — 0and ||0||yq — 0, as T — 0 the above applications of Lemma 2.2
show that |[|u|| X, and ||0||qu also go to zero with 7. So at the end of the above bootstrapping
procedures we find ||u||x, — 0 and ||0]ly, — 0,as T — 0.

Let us now prove the assertion (iii). If ug € L*(R?), then for all 3 < p < co we do have
up € B;’(;_3/P)(R3). We can apply the first two estimates of Lemma 2.2 with pg = 3, p; =
p2 = p. q1 = g, provided § < % < 2and 3 < % + é < 3. This is indeed possible choosing
p > 3 close enough to 3. This shows that both B (u, u) and B> (u, 6) belong to X3. Moreover,
e'dup € X3 by the usual heat kernel estimates. We conclude that if uy € L3(R?) then the
solutions constructed before belongs to X3.

If we now assume 6y € L'(R3), then 6 € B;i,f,l_l/q)(R3) for all 1 < g < co. Hence, by
what we already proved, we have (1, ) € (X3 N X)X (¥; NYs), forall g > 3/2. In particular,
(u,0) € X¢ X Y12/7. Let us apply the last estimate of Lemma 2.2 with p; = 6, g1 = 12/7 and
qo = 4/3: then we get B3(u,6) € Y;3. But 6y € L' (R?) implies also e'?6y € ¥; N Yoo C Yyy3.
Therefore, (1, 0) € X4 X Y4/3. We now apply the last estimate of Lemma 2.2 with p; =4, q| =
4/3 and g = 1: we get in this way B3(,0) € Y;. As we already know that ety € i, we
conclude that 8 € Y;.

Assume now that we have both conditions ug € L*(R?) and 6y € L' (R?). According to
the definition of X and Y, it only remain to prove that the maps # — u(¢) and ¢t — 6(¢) are
continuous form [0, T'] respectively to L*(R*) and L! (R?). This is quite standard. Let us sketch
the proof for the time continuity of temperature. We have of course ¢’y € C([0,T], L' (R?)).
Moreover, recalling that ||u|x, — 0asT — 0, and applying the third inequality of Lemma 2.2
with g0 = g1 = 1 and p; = oo we see that lim;— ||B3(u,6)(¢)|l; — 0. Hence t — 6(¢)
is continuous at + = 0 in L'(R?). If 0 < ¢ < T, we consider the expression ||Bs(u, 0)(t +
h) — B3(u, 0)(¢)|l1. This can be bounded by the sum of [|u||xc[|6]ly; fot |F(t+h—s)—F(t—

$)|l1s™Y2 ds and [|lullxe 16]ly; ftHh |F(t + h — s)|l1s~"/>ds. Both terms are easily proved to
converge to 0 as h — 0, using properties (2.3)—(2.4) of the kernel F. This establishes the

1 < é Then B3(u, 6) € Y,,. Moreover, since gy > ¢, e’AGO € Y, by the usual L9 — L9
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continuity of # from [0, 7] to L' (R?). The continuity of u from [0, 7] to L3(R?) is treated in
the same way. O

PROOF TO PROPOSITION 1.1. This is now immediate. If ug is divergence-free and
(ug, 80) € L3(R3) x L'(R3), then the existence of a local-in time solution (1,6) € X x Y
is already established in Theorem 2.4. If (7, 6) is another solution in X x Y starting from
the same data, then there is ¢ > 0 such that (&, 6) and (i, 6) agree on [0, 6]. Indeed, using
the definition of X and Y we find by interpolation lim,_,q #2(1=3/») lu(®)ll, = 0 forall p >3
and lim,_ t%(1‘3/4)||9(t)||q = 0 for all ¢ > 1. Moreover, the same property holds for (i, §).
Then, multiplying the two solutions by the indicator function of the interval [0, 6], we see that
[1(u, 0) 110,51l < R and || (&, 9)1[0,5] |z < R. The first statement of Theorem 2.4 then implies
that (u, 8)1j0,6) and (i, §)1j0,5) agree. It is now obvious that the supremum on [0, 7] of the
times #, such that the two solutions agree on [0, ], must be equal to 7. In conclusion, there is
only one solution in X X Y arising from (uo, 6p). O

Proposition 1.1 allow us to define a semigroup (R, S)(¢) : L3(R3) x L'(R?) — L}*(R?) x
L'(R?), such that (R, S)(r)(ug, 6p) is the unique solution in X x Y of the Boussinesq sys-
tem (1.2). With slightly abusive notation, we will write, from now on, (R(¢)(ug), S(¢)(60))
instead of (R, S)(¢) (ugp, 9p).

REMARK 2.5. The present useful remark is inspired from Ben Artzi’s paper [2]. In
Proposition 1.1, the existence time 7 > 0 a priori does not only depend on ||ugl||3 and ||8y]l1,
but also on u( and 6, themselves. However, if we restrict to a class of data (ug, 0g) € H X K,
where H is precompact in L*(R?) and K is precompact in L' (R?), then the existence time T
depends only on H and K. Indeed, an elementary property of the heat equation is that, as t —
0,

(2.15) sup (t%(l‘l/q)llemﬂoﬂq) -0,

6K
for I < g < co. To see this, fix & > 0: the family of open balls in L'(R?) of radius &
and centered in functions ¢ € C(‘)’°(R3) cover the whole L' (R3). Finitely many of such balls
cover K. Therefore, we find finitely many smooth and compactly supported functions such
that, for any 6y € K, there is at least one of such functions ¢ such that ||ug — ¢||; < €. But
t%(l‘l/q)llemﬂollq <e+ t%(l‘l/q)lle“'(ﬁllq. Hence, there exists fo > 0 depending on & > 0
and K, but not on 8y, such that for all 0 < 7 < ¢ the above expression is less than 2¢. This
yields (2.15).
In the same way, we obtain, as t — 0,
sup (120737 et [ug + 1PBges] Il,) — 0.
upeH, ek

forall 1 < p < co. Now fix 3/2 < ¢ < 3 and p > 3, such that % < % + é. Hence, there exists

n = n(H, K) > 0 such that, multiplying v¢ by the indicator function of the time interval [0, 77],
we get, for all (ug, 8p) € H X K,

[lvo 1ol < 1/(4C) .
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The notations here are the same as in (2.10) and (2.13), and E = X, X ¥;. We deduce from
Theorem 2.4 that the solutions (R(¢#)ug, S(¢)6p), when (ug, 8p) vary in H X K, are all defined
at least on the time interval [0, 7]. Moreover, owing to (2.14),
(2.16) sup 123D R(tupll, — 0,

upeH
sup 12010151l — 0.
OheK

2.4. The end of the proof of Theorem 1.2.

PROOF OF THEOREM 1.2. The proof relies on Proposition 1.1, on the uniqueness The-
orem 1.3 and on the adaptation of ideas introduced by Ben Artzi [2], already rivisited in (2.16),
and H. Brezis [6] in the context of the two-dimensional vorticity equation.

Without loss of generality, we can assume 3/2 < g < 3. Asin Theorem 1.3, it is sufficient
to prove that, given two solutions (u, 8) and (i, d), these agree on some small time interval
[0, 8], for some 6 > 0.

Let R(Hug: L*(R¥) — L3(R3) and S(¢)0y: L'(R?) — L'(R?) the two components of
the semigroup of the solution to (1.2) constructed in Proposition 1.1. The proof will consist
in showing that, if (u, ) is a solution satisfying the conditions in Theorem 1.2, then u(¢) =
R(t)ugp and 6(t) = S(t)6y.

Let0 < s < 8, where 0 < § < T/2. Recalling that 6 is assumed to be locally bounded on
(0,T) with values in L9 *, we see that, denoting as usual o = %(1 -1/q),

(2.17a) sup t7)|6(t + §)||La.~ < 00, and limz7||0(t + s)||pa> =0.

1€[0,6] t—0
On the other hand, (u(s),0(s)) € L3(R3) x L'(R?) and, by Proposition 1.1, we have
(2.17b) sup t7||S@)O(s)||La < oo, and lim 7 ||S(H)8(s)||lra = 0.

1€[0,5] =0
Of course, (2.17b), remains true if we use the weak norm L% instead of the usual L9-norm.
This allows us to apply the uniqueness result of Theorem 1.3 with the initial data (u(s), 6(s))
and in the time interval [s, s + &]: hence,
u(t+s) = R(t)u(s), and 0t +s) =S)0(s),

forall0 < s < dandallt € [0, 5].

Let K = 6((0,T]). Notice that K is precompact in L' (R?), because  is continuous from
[0, T] with values in L' (R?). But then
(2.18) sup 17|60t + $)|lLa = sup t7||S()O(s)||La

s€(0,6) s€(0,6)
< sup t7IS(1)6llg — O ast — 0.

OpeK
Indeed, we applied here Remark 2.5, and more specifically (2.16).
From (2.18) we get lim; 017 ||6(¢)||L« = 0. So, in particular, lim;_o 7 ||6(?)||La.~> = O.
More precisely, we have

lin(l) t710()||pae =0 and 0eY, o,
t—
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owing to the assumption 6 € L ((0,T), L% (R3)).

loc

On the other hand, we also know by Theorem 2.4 that
lir%t”IIS(t)GOHLq =0 and StboeY,.
t—

Moreover, both u and R(#)ug are in C([0, T], L3 (R?)). This is more than needed to apply the
uniqueness Theorem 1.3. Hence, u(t) = R(¢)up and 8(t) = S()6o. O

REFERENCES

[1] H. ABIDI, Sur I'unicité pour le systéme de Boussinesq avec diffusion non linéaire, (French) [Uniqueness for
the Boussinesq system with nonlinear diffusion], J. Math. Pures Appl. (9) 91 (2009), no. 1, 80-99.

[2] M. BEN-ARTZI, Global solutions of two-dimensional Navier—Stokes and Euler equations, Arch. Rational
Mech. Anal. 128 (1994), no. 4, 329-358.

[3] H. BAHOURI, J.-Y. CHEMIN AND R. DANCHIN, Fourier analysis and nonlinear partial differential equa-
tions, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
vol. 343, Springer, Heidelberg, 2011.

[4] L.BRANDOLESE AND CH. MOUZOUNI, A short proof of the large time energy growth for the Boussinesq
system, J. Nonlinear Sci. 27 (2017), no. 5, 1589-1608.

[5] L.BRANDOLESEAND M. E. SCHONBEK, Large time decay and growth for a viscous Bossiness system, Trans.
Amer. Math. Soc. (2012).

[6] H.BREZzIS, Remarks on the preceding paper by M. Ben-Artzi: “Global solutions of two-dimensional Navier—
Stokes and Euler equations”, Arch. Rational Mech. Anal. 128 (1994), no. 4, 359-360.

[7] M. CANNONE, Harmonic analysis tools for solving the incompressible Navier—Stokes equations, Handbook of
mathematical fluid dynamics. Vol. III, 161-244, North-Holland, Amsterdam, 2004.

[8] JEAN-YVES CHEMIN, Théorémes d’unicité pour le systtme de Navier—Stokes tridimensionnel, (French), J.
Anal. Math. 77 (1999), 27-50.

[9] R.DANCHIN AND M. PAICU, Existence and uniqueness results for the Boussinesq system with data in Lorentz
spaces, Phys. D 237 (2008), no. 10-12, 1444-1460.

[10] R.FARWIG, T. NAKATSUKA AND Y. TANIUCHI, Existence of solutions on the whole time axis to the Navier—
Stokes equations with precompact range in L3, Arch. Math. (Basel) 104 (2015), no. 6, 539-550.

[11] G. FURIOLI, P. G. LEMARIE-RIEUSSET AND E. TERRANEO, Unicité dans L3 (R3) et d’autres espaces fonc-
tionnels limites pour Navier—Stokes, Rev. Mat. Iberoamericana 16 (2000), no. 3, 605-667.

[12] T. KATO, Strong LP -solutions of the Navier-Stokes equation in R”*, with applications to weak solutions,
Math. Z. 187 (1984), no. 4, 471-480.

[13] H. K0ozONO AND M. YAMAZAKI, Local and global unique solvability of the Navier—Stokes exterior problem
with Cauchy data in the space L"*°, Houston J. Math. 21 (1995), no. 4, 755-799.

[14] P. G. LEMARIE-RIEUSSET, Recent developments in the Navier—Stokes problem, Chapman & Hall/CRC Re-
search Notes in Mathematics, vol. 431, Chapman & Hall/CRC, Boca Raton, FL, 2002.

[15] P.G. LEMARIE-RIEUSSET, The Navier—Stokes problem in the 21st century, CRC Press, Boca Raton, FL, 2016.

[16] P.-L.LIONS AND N. MASMOUDI, Uniqueness of mild solutions of the Navier—Stokes system in LN, Comm.
Partial Differential Equations 26 (2001), no. 11-12, 2211-2226.

[17] A.LUNARDI, Analytic semigroups and optimal regularity in parabolic problems, Modern Birkhéuser Classics,
Birkhéuser/Springer Basel AG, Basel, 1995. [2013 reprint of the 1995 original].

[18] Y. MEYER, Wavelets, paraproducts, and Navier—Stokes equations, Current developments in mathematics, 1996
(Cambridge, MA), 105-212, Int. Press, Boston, MA, 1997.

[19] T. MIYAKAWA, On space-time decay properties of nonstationary incompressible Navier—Stokes flows in R,
Funkcial. Ekvac. 43 (2000), no. 3, 541-557.



REFERENCES 297

[20] S. MONNIAUX, Uniqueness of mild solutions of the Navier-Stokes equation and maximal L? -regularity, C.
R. Acad. Sci. Paris Sér. I Math. 328 (1999), no. 8, 663—668.

[21] T. OKABE AND Y. TSUTSUL Remark on the strong solvability of the Navier-Stokes equations in the weak
L™ space, preprint, arXiv:1711.08741v2 (2018).

L. BRANDOLESE Jia0 HE

UNIVERSITE DE LYON LAMME

UNIVERSITE LYON 1. UNIVERSITE PARIS SACLAY
CNRS-INSTITUT CAMILLE JORDAN 23 BVD DE FRANCE, EVRY
43 BD. DU 11 NOVEMBRE FRANCE

VILLEURBANNE CEDEX F-69622

FRANCE E-mail address: jiao.he @univ-evry.fr
URL: https://jiao-math.github.io/jiao.he/
E-mail address: brandolese @math.univ-lyonl.fr

URL: http://math.univ-lyon1.fr/~brandolese




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.6
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements true
      /GenerateStructure false
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


