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Abstract. In this paper, we prove a quantitative regularity theorem and

blow-up criterion of classical solutions for the three-dimensional Navier-Stokes

equations. By adapting the strategy developed by Tao in [22], we obtain an
explicit blow-up rate in the setting of critical Lorentz spaces L3,q0 (R3) with

3 ≤ q0 < ∞. Our results generalize the quantitative regularity theory in criti-

cal Lebesgue spaces L3(R3) in [22] and quantify the qualitative result by Phuc
in [18].

1. Introduction. In this paper, we are interested in giving some quantitative
bounds for solutions of the three-dimensional incompressible Navier-Stokes equa-
tions in critical Lorentz spaces. The Navier-Stokes equations read{

ut −∆u+ u · ∇u+∇p = 0,

∇ · u = 0,
(1.1)

where u(t, ·) : R3 → R3 denotes the velocity vector field of the fluid and p(t, ·) :
R3 → R is the pressure. It is well-known from the seminal paper of Leray [12]
that for any divergence-free vector field u0 ∈ L2(R3) there exists at least one weak
solution to the Cauchy problem (1.1). However, it is unknown whether they are
smooth for all positive times and the uniqueness is also still open. The Navier-Stokes
equations (1.1) are endowed with a scaling symmetry:

uλ(t, x) := λu(λ2t, λx), pλ(t, x) := λ2p(λ2t, λx) for λ > 0, (1.2)

which gives us some critical (scale-invariant) spaces, for example, L3(R3). A natural
question that we are interested in is that, if we assume that blowing-up solutions
do exist and they blow up at time T ∗ > 0, how their critical norms behave and will
they blow up as well at T ∗? Besides the simplest critical Lebesgue spaces L3, there
are other critical spaces, such as critical Lorentz spaces L3,q(R3) with 3 < q < ∞
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and critical Besov spaces Ḃ
−1+3/p
p,q (R3) with 3 < p, q < ∞, etc. In particular, we

have a chain of embeddings

L3(R3) ↪→ L3,q(R3) ↪→ Ḃ−1+3/p
p,q (R3).

In the present paper, we investigate the quantitative estimate of the critical Lorentz
norm L3,q0(R3), 3 ≤ q0 < ∞ at the potential singularity and the corresponding
blow-up criterion.

Before introducing our main theorems, let us first present some previous results
regarding to the regularity theory and blow-up criterion of the Navier-Stokes equa-
tions. The first result was given by Leray [12], proving that if T ∗ is the maximal
existence time of the solution u, we then necessarily have for any p > 3, there is a
constant C(p) such that

∥u∥Lp(R3) ≥
C(p)

(T ∗ − t)
1
2 (1−

3
p )
.

Later, it was proved by Prodi-Serrin-Ladyzhenskaya (1959-1967) [19, 11, 21] that if
u blows up at T∗ with 3 < p ≤ ∞, then ∥u∥Lq

tL
p
x([0,T∗)×R3) = ∞, where 3/p+2/q = 1.

The endpoint case p = 3 was left open for many years until the remarkable result of
Escauriaza, Seregin, and Sverak [8] in 2003. By analyzing the blow-up profile and
combing the unique continuation with backward uniqueness of the heat equation,
they were able to prove that if u blows up at a finite time T ∗, then

lim sup
t→T∗

∥u(t)∥L3
x(R3) = ∞. (1.3)

Later, the blow-up criterion above has been generalized by several authors. On the
one hand, in the qualitative sense, Seregin [20] improved the blow-up criterion (1.3)
by replacing the limit superior with a limit. For the non-endpoint borderline Lorentz
spaces, by applying the backward uniqueness theory as well as an ϵ-regularity cri-
terion, Phuc [18] proved that if a Leray-Hopf weak solutions u blows up at a finite
time T ∗, then for 3 < q < ∞

lim sup
t→T∗

∥u(t)∥L3,q
x (R3) = ∞. (1.4)

There are results in other critical spaces; see, for example, [1, 9, 7].
From the quantitative point of view, in a recent breakthrough work, by estab-

lishing quantitative Carleman inequalities, Tao [22] proved the following slightly
supercritical blow-up norm criterion:

lim sup
t→T−

∗

∥u∥L3(R3)

(log log log 1
T∗−t )

c
= ∞, (1.5)

which is a quantitative version of the L∞L3 regularity criterion (1.3). Barker and
Prange [5] gave a quantitative estimate of the local concentration of L3 norm by
using an alternative proof. The same authors also proved a mild supercritical regu-
larity criteria, in which they showed that if a solution blows up, then certain slightly
supercritical Orlicz norm must blow up [4]. Later, Palasek [16] showed that Tao’s
blow-up rate can be improved to (log log 1

T∗−t )
c assuming that the solution is axis-

symmetric, and he recently obtained a (log log log log 1
T∗−t )

c blow-up rate [17] for

the higher dimensional (d ≥ 4) case. There are several other related results [2, 15].
In the setting of Lorentz spaces, there are few quantitative results. Davies and

Koch [6] recently gave a blow-up rate in sub-critical Lorentz spaces, in which they
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showed that if a solution u blows up at finite time T ∗, then

∥u∥Lp,q(R3) ≥
C(p, q)

(T ∗ − t)
1
2 (1−

3
p )

for 3 < p < ∞, 1 ≤ q ≤ ∞. (1.6)

To the best of the authors’ knowledge, there is no such quantitative results in the
critical Lorentz case, i.e. when p = 3 in (1.6). As the Lorentz space Lp,q has the
same scaling properties as the Lebesgue space Lp, Tao’s results [22] for L3 open
the door to treat quantitatively the critical Lorentz spaces L3,q, q ≥ 3, which are
bigger than the usual Lebesgue spaces. The main goal of the present paper is to
obtain new quantitative regularity theorem and blow-up criteria of solutions for the
Navier-Stokes equations in the framework of critical Lorentz spaces L3,q0(R3) for
3 ≤ q0 < ∞. Our main results are stated as follow.

Theorem 1.1. Let (u, p) be a classical solution to the incompressible Navier-Stokes
system (1.1), which blows up at time T∗ < ∞. Then, with a constant c > 0 and
3 ≤ q0 < ∞

lim sup
t→T−

∗

∥u∥
L

3,q0
x (R3)

(log log log 1
T∗−t )

c
= ∞. (1.7)

Theorem 1.2. Let (u, p) be a classical solution to the system (1.1) and 3 ≤ q0 < ∞.
Assume that

∥u∥
L∞

t L
3,q0
x ([0,T ]×R3)

≲ M

for some constant M ≥ 2. Then, for 0 < t ≤ T and j = 0, 1, the following hold

|∇ju| ≤ exp exp exp (MO(1))t−
j+1
2 , |∇jω| ≤ exp exp exp (MO(1))t−

j+1
2 ,

where the vorticity ω = ∇× u.

Remark 1.3. Notice that when q0 = 3, our theorem reduces to the case of Tao in
[22].

Remark 1.4. It is not clear whether our results hold in the endpoint case L∞
t L3,∞

x .
For other results in such spaces, we refer to [3] and [5] for quantitative results in
local sense and [13] for qualitative result.

Comparing the blow-up criteria (1.7) in Theorem 1.1 with the previous results,
we see that our theorem implies that the necessary condition of blow up (1.5) can
be improved by replacing the L3 norm with a smaller L3,q0(R3) quasi-norm with
3 ≤ q0 < ∞, answering a question of Tao, see Remark 1.6 in [22]. In particular,
we recover the result (1.5) when q0 = 3. Moreover, our result can be seen as a
quantitative version of the blow-up criteria (1.4) proved by Phuc in [18]. Let us
remark that although the blow-up rate (1.6) is better than the one we established
in Theorem 1.1, it is not clear whether their results still hold in the critical case.

The fundamental barrier for the endpoint L3,∞ is the lack of absolute continuity
of the norm. The strategy relies on the property that for u ∈ L3,q0 with q0 < ∞, the
local norm ∥u∥L3,q0 (B(x,r)) tends to zero as r → 0. This allows one to find a scale
where the local Reynolds number is small, initiating the “Epochs of Regularity.”
In L3,∞, functions like |x|−1 have constant norm on balls of any radius, preventing
the localization arguments required for the quantitative bounds.

The rest of this paper is organized as follows. In Section 2, we introduce some
notation and preliminaries. Furthermore, we prove Hölder’s and Young’s inequali-
ties in the Lorentz setting. In Section 3, we state our main quantitative estimates
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(Propositions 3.1-3.5). We demonstrate how to gather these statements together
to prove our main results (Theorem 1.1 and Theorem 1.2) of this paper in Section
4. More precisely, our strategy is as follows : first, by establishing some pointwise
derivative estimates, bounded total speed and Epoch of regularity (see Proposition
3.1-3.3), we are able to prove that, assuming ∥u∥

L∞
t L

3,q0
x ([0,T ]×R3)

≤ M is such that

N−1
0 |PN0

u(x0, t0)| > M−O(1), we create a chain of “bubbles of concentration” (see
Propositions 3.4-3.5). Then, using a similar procedure as in Tao (p.36-p.41 in [22]),
we show the lower bound of N0 (see Theorem 4.1). Once we obtain such lower
bound, we show the first main result (see Theorem 1.2) via a contrapositive argu-
ment, and then the second main result (see Theorem 1.1) is proven by contradiction.
Lastly, we include the Carleman estimates together with auxiliary estimates in the
Appendix.

2. Notation and preliminaries.

2.1. Notation. Throughout the paper we use the following notation. For 1 ≤
p < ∞, W k,p space is the regular Sobolev space. We have Plancherel’s equality,

∥f∥L2 = ∥f̂∥L2 . For any N ≥ 0, we define the Littlewood-Payley projection P≤N

P̂≤Nf(ξ) = φ(ξ/N)f̂(ξ),

where φ is a smooth bump function on the ball B(0, 1) with φ = 1 on B(0, 1/2).
Then, we define

PN := P≤N − P≤N/2, P>N := 1− P≤N , P̃N := P≤N/2 − P≤N/4.

Therefore, P≤Nf =
∑∞

k=0 P2−kNf and P>Nf =
∑∞

k=1 P2kNf . We remark here
that these operators commute with other Fourier multipliers such as ∆, et∆ and
the Leray projector P defined by

P = I +∇(−∆)−1∇ · .
Next, we define the Lorentz space.

Definition 2.1. For a measurable function f : Ω → R, we define:

df,Ω(α) := |{x ∈ Ω : |f(x)| > α}|.
Then, the Lorentz spaces Lp,q(Ω) with 1 ≤ p < ∞, 1 ≤ q ≤ ∞ is the set of all
functions f on Ω such that the quasinorm ∥f∥Lp,q(Ω) is finite and

∥f∥Lp,q(Ω) :=

(
p

∫ ∞

0

αqdf,Ω(α)
q
p
dα

α

)1/q

, ∥f∥Lp,∞(Ω) := sup
α>0

αdf,Ω(α)
1/p.

When we say A ≲ B, it means there is a constant C > 0 such that A ≤ CB.
The space Lp,∞ is known as the weak Lp space and notice that when q = p, we
have ∥f∥Lp,p(Ω) = ∥f∥Lp(Ω) and Lp,q1(Ω) ⊂ Lp,q2(Ω) whenever 1 ≤ q1 ≤ q2 ≤ ∞.

2.2. Preliminaries. The next lemma is Hölder’s inequality in Lorentz spaces (The-
orem 4.5 in [10]).

Lemma 2.2 (Hölder’s inequality, [10]). Suppose f ∈ Lr1,s1(R3), g ∈ Lr2,s2(R3)
with 0 < r1, r2, r < ∞, 0 < s1, s2, s ≤ ∞,

1/r = 1/r1 + 1/r2 and 1/s = 1/s1 + 1/s2 (2.1)

Then fg ∈ Lr,s(R3) and

∥fg∥Lr,s(R3) ≤ C(r1, r2, s1, s2)∥f∥Lr1,s1 (R3)∥g∥Lr2,s2 (R3).
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The next lemma is Young’s convolution inequality in Lorentz spaces, also known
as “O’Neil’s convolution inequality” (Theorem 2.6 of O’Neil’s paper [14]).

Lemma 2.3 (Young’s inequality, [14]). Suppose f ∈ Lr1,s1(R3), g ∈ Lr2,s2(R3)
with 1 < r1, r2, r < ∞, 0 < s1, s2, s ≤ ∞,

1/r + 1 = 1/r1 + 1/r2 and 1/s ≤ 1/s1 + 1/s2

Then f ∗ g ∈ Lr,s(R3) and

∥f ∗ g∥Lr,s(R3) ≤ 3r∥f∥Lr1,s1 (R3)∥g∥Lr2,s2 (R3).

Lemma 2.4 (Sobolev’s inequality, [23]). Suppose 1 ≤ p ≤ 3, then

∥f∥
L

3p
3−p

,p
(R3)

≤ C(p)∥∇f∥Lp(R3).

The following lemma is relied on lemma 2.4 in [24], in which the authors gave
a Bernstein inequality for weak Lp spaces. We now state a generalized Bernstein
inequality for general Lorentz spaces Lp,q with p > 1, q ≥ 1.

Lemma 2.5 (Bernstein inequality). Let a ball B = {ξ ∈ R3 : |ξ| ≤ R} with
0 < R < ∞. Then there exists a constant C such that for any non-negative integer
j, any couple (p1, p2) with 1 < p2 < p1 < ∞, for any N ∈ (0,∞), and any function
f of Lp2,q2 with 1 ≤ q2 ≤ ∞, whose Fourier transform is in the support of the ball
B(0, N), we have

∥∇jf∥Lp1,q1 (R3) := sup
|α|=j

∥∂αf∥Lp1,q1 (R3) ≲j N
j+3( 1

p2
− 1

p1
)∥f∥Lp2,q2 (R3), j ≥ 0.

(2.2)
In particular,

∥∇jf∥Lp1 (R3) ≲j N
j+3( 1

p2
− 1

p1
)∥f∥Lp2 (R3). (2.3)

Proof. From lemma 2.4 in [24], we have

∥∇jf∥Lp1,1(R3) ≲ N j+3( 1
p2

− 1
p1

)∥f∥Lp2,∞(R3),

Hence, by inclusion property of Lorentz spaces Lp,1 ⊂ Lp,q ⊂ Lp,∞ for 1 < q < ∞,
1 < q1 ≤ ∞, we obtain

∥∇jf∥Lp1,q1 (R3) ≤ ∥∇jf∥Lp1,1(R3)

≲ N j+3( 1
p2

− 1
p1

)∥f∥Lp2,∞(R3)

≤ N j+3( 1
p2

− 1
p1

)∥f∥Lp2,q2 (R3).

We state a generalized multiplier theorem for Lorentz spaces as follows.

Lemma 2.6 (Multiplier theorem). Let Tm be a Fourier multiplier T̂mf(ξ) :=

m(ξ)f̂(ξ) where m(ξ) is a complex-valued smooth function supported on B(0, N)
satisfying

|∇jm(ξ)| ≤ AN−j

for some positive A and j > 0. Then we have

∥Tmf∥Lp1,q1 (R3) ≲ AN3( 1
p2

− 1
p1

)∥f∥Lp2,q2 (R3), (2.4)
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where 1
p2

+ 1
q1

≤ 1
p1

+ 1
q2

+1. Moreover, let D ⊂ R3 be a subset of R3 and DR/N :=

{x ∈ R3 : dist(x,D) < R/N} be the R/N -neighbourhood of D, then we have

∥Tmf∥Lp1,q1 (D) ≲AN3( 1
p2

− 1
p1

)∥f∥Lp2,q2 (DR/N )

+R−50A|D|
1
p1

− 1
p4 N3( 1

p3
− 1

p4
)∥f∥Lp3,q3 (R3), (2.5)

where |D| denotes the volume of set D and 1 ≤ p2 ≤ p1 ≤ ∞, 1 ≤ p3 ≤ p4 ≤ ∞
such that p4 ≥ p1.

Proof. Let us first write Tmf as a convolution Tmf = f ∗K with the kernel

K(x) =

∫
R3

m(ξ)e2πiξ·xdξ.

By Young’s inequality in Lorentz spaces (see Lemma 2.3), we have

∥Tmf∥Lp1,q1 (R3) = ∥f ∗K∥Lp1,q1 (R3) ≤ 3p1∥f∥Lp2,q2 (R3)∥K∥Lp(R3),

where 1
p1

+ 1 = 1
p2

+ 1
p and 1

q1
≤ 1

q2
+ 1

p . Applying Plancherel’s theorem, we get

∥K(x)∥L2(R3) = ∥m(ξ)∥L2(R3) ≤ AN3/2.

On the other hand, by the bound of m(ξ), we have ∥K(x)∥L∞(R3) ≤ AN3. Combin-

ing the two estimates and using interpolation inequality ∥K∥Lp ≤ ∥K∥
2
p

L2∥K∥1−
2
p

L∞ ,
we can conclude that

∥Tmf∥Lp1,q1 (R3) ≲ AN3(1− 1
p )∥f∥Lp2,q2 (R3) ≲ AN3( 1

p2
− 1

p1
)∥f∥Lp2,q2 (R3).

Now, we prove the local version estimate (2.5). We have

Tmf =

∫
R3

K(x− y)f(y)dy

=

∫
DR/N

K(x− y)f(y)dy +

∫
Dc

R/N

K(x− y)f(y)dy.

For the first term in the right-hand side, applying the global estimate (2.4), we get
that∥∥∥∥∥

∫
DR/N

K(· − y)f(y)dy

∥∥∥∥∥
Lp1,q1 (D)

=

∥∥∥∥∥
∫
DR/N

K(· − y)f(y)dy 1D(·)

∥∥∥∥∥
Lp1,q1 (R3)

≲AN3( 1
p2

− 1
p1

)∥f∥Lp2,q2 (DR/N ).

For the second term, set K̃(z) = K(z)1|z|≥R/N , by Hölder’s inequality, change of
variable, and Young’s inequality, we have∥∥∥∥∥

∫
Dc

R/N

K(· − y)f(y)dy

∥∥∥∥∥
Lp1,q1 (D)

≤ |D|1/p1−1/p4

∥∥∥∥∥
∫
Dc

R/N

K(· − y)f(y)dy 1D(·)

∥∥∥∥∥
Lp4,q1 (R3)

= |D|1/p1−1/p4∥K̃ ∗ f∥Lp4,q1 (R3)

≤ |D|1/p1−1/p4∥K̃∥Lp,q(R3)∥f∥Lp3,q3 (R3),
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where 1 + 1/p4 = 1/p+ 1/p3. We compute ∥K̃∥Lp,q(R3) to get

∥K̃∥Lp,q(R3) = ∥K(·)1|·|≥R/N∥Lp,q(R3) ≲ R−50AN3( 1
p3

− 1
p4

).

This concludes the proof of (2.5).

By writing f =
∑

P≤2Nf and PNet∆∇jf = KN,t ∗ f , where the kernel KN,t

is defined via the Fourier transform K̂N,t(ξ) = φ(ξ/N)e−t|ξ|2(iξ)j , using the local-

ization |ξ| ∼ N , one can show ∥KN,t∥L1 ≲ e−cN2tN j . Then, applying Young’s
inequality in Lorentz spaces (Lemma 2.3), we obtain:

∥PNet∆∇jf∥Lp1,q1 ≲ ∥KN,t∥Lr,s∥f∥Lp2,q2 ≲ e−
N2t
20 N j+3( 1

p2
− 1

p1
)∥f∥Lp2,q2 , (2.6)

with p1 ≥ p2.
The following heat kernel bounds in Lorentz spaces follows by summing (2.6) over

dyadic frequencies N = 2k. The sum is dominated by the frequency N ∼ t−1/2,

yielding the factor t−
j
2−

3
2 (

1
p2

− 1
p1

),

∥et∆∇jf∥Lp1,q1 (R3) ≲j t
− j

2−
3
2 (

1
p2

− 1
p1

)∥f∥Lp2,q2 (R3), (2.7)

with p1 ≥ p2.

3. Basic estimates. In this section, we use the notation

Mj := MCj
0

for all integers j ≥ 0, thus M0 = M and Mj+1 = MC0
j . As the following assumption

will be used several times through our our paper, we call it (HP)

∥u∥
L∞

t L
3,q0
x ([t0−T,t0]×R3)

≤ M. (HP)

for some M ≥ C0.

Proposition 3.1. Let u : [t0 − T, t0] × R3 → R3, p : [t0 − T, t0] × R3 → R be a
classical solution to Navier-Stokes that obeys (HP), then

(i) (Pointwise derivative estimates) For any (t, x) ∈ [t0−T/2, t0]×R3 and N > 0,
we have

PNu(t, x) = O(MN); ∇PNu(t, x) = O(MN2); ∂tPNu(t, x) = O(M2N3);

(3.1)

similarly, the vorticity ω := ∇× u obeys the bounds

PNω(t, x) = O(MN2); ∇PNω(t, x) = O(MN3); ∂tPNω(t, x) = O(M2N4);

(3.2)

(ii) (Bounded total speed) For any interval I in [t0 − T/2, t0], we have

∥u∥L1
tL

∞
x (I×R3) ≲ M4|I|1/2. (3.3)

Proof. We start with the proof of (i). By (HP) and (2.2), we can obtain the first
two claims of (3.1) and (3.2). After applying the Leray projector to equation (1.1),
we get {

∂tu−∆u+ P∇ · (u⊗ u) = 0,

∇ · u = 0.
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Then, by Duhamel’s formula, we obtain

u(x, t) = et∆u0 −
∫ t

0

e(t−s)∆ (P∇ · (u⊗ u)) ds. (3.4)

Here we see

(∇ · (u⊗ u))j = ∂i(uiuj),

Apply PN to equations (3.4) and we get

∥PN∆u∥L∞
x

≲ N3M.

Furthermore, by the multiplier theorem and Hölder’s inequality (in both Lebesgue
and Lorentz spaces), we obtain

∥u⊗ u∥
L

3/2,q0/2
x

≲ ∥u∥2
L

3,q0
x

≲ M2. (3.5)

And thus by (2.2) (p1 = q1 = ∞, j = 1, p2 = 3
2 ),

∥PNP∇ · (u⊗ u)∥L∞
x

≲ N3∥u⊗ u∥
L

3/2,q0/2
x

≲ N3M2. (3.6)

By the triangle inequality, we obtain the third and six claims of (3.1) and (3.2).
Then we prove (ii). Since these estimates are invariant with respect to time trans-
lation and rescaling (adjusting T, t0, I, u, b accordingly), without loss of generality,
we assume that I = [0, 1] ⊂ [t0 − T/2, t0], which implies that [−1, 1] ⊂ [t0 − T, t0].
Next, we decompose (u, b) into linear and nonlinear parts. The reason we do this is
that by removing linear components from (u, b), we will have better control in L2

x

based spaces. Thus, we see

u = ulin + unlin,

where (ulin, blin) are linear solutions on [−1, 1]× R3

ulin(x, t) = e(t+1)∆u(x,−1). (3.7)

Then we have

∇ · ulin = 0.

By assumption (HP), we see

∥ulin∥
L∞

t L
3,q0
x ([−1,1]×R3)

+ ∥unlin∥
L∞

t L
3,q0
x ([−1,1]×R3)

≲ M. (3.8)

Thus, on [−1, 1]× R3, we have

∂tu
nlin −∆unlin + u · ∇u+∇p = 0, (3.9)

∇ · unlin = 0. (3.10)

We obtain by using Duhamel’s formula

unlin(x, t) = −
∫ t

−1

e(t−s)∆ (P∇ · (u⊗ u)) ds. (3.11)

From (HP), u⊗ u has an L
3/2,q0/2
x norm of O(M2) and by (2.7),

∥e(t−s)∆P∇ · (u⊗ u)∥L2,2 ≤ (t− s)−
1
2−

3
2 (

2
3−

1
2 )∥u⊗ u∥L3/2,q0/2 ≤ (t− s)−

3
4 ∥u∥2L3,q0 .

We conclude a bound for the nonlinear part:

∥unlin∥L∞
t L2

x
≲ M2. (3.12)
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By the hypothesis (HP), equations (2.7), and (3.7), we obtain

∥∇julin∥L∞
t L

p,q1
x ([−1/2,1]×R3) ≲ M, (3.13)

where j ≥ 0 and 3 ≤ p ≤ ∞, 1
q1

≤ 1
p +

1
q0

+ 2
3 . Indeed, the constraint arises directly

from Young’s convolution inequality in Lorentz spaces. To bound ∥et∆u(·,−1)∥Lp,q1 ,
we view the heat kernel as an operator acting on u(·,−1) ∈ L3,q0 . The indices
must satisfy the scaling relation for the primary exponent p, and the inequality
1/q1 ≤ 1/s+1/q0 for the secondary exponent, where s is the secondary exponent of
the heat kernel. Since the heat kernel belongs to Lorentz spaces Lr,s for convenient
s, this condition ensures the validity of the convolution estimate.

Next, we consider the energy method on the unlin equation. We do an L2 esti-
mate.

1

2

d

dt
∥unlin∥2L2(R3) + ∥∇unlin∥2L2(R3) =

∫
(∇unlin) · (u⊗ u) dx.

Due to the nature of unlin being divergence-free, we see∫
(∇unlin) · (unlin ⊗ unlin) dx = 0.

Thus,

1

2

d

dt
∥unlin∥2L2(R3) + ∥∇unlin∥2L2(R3)

=

∫
R3

(∇unlin) · (u⊗ u− unlin ⊗ unlin) dx

≤ 1

2
∥∇unlin∥2L2(R3) + 2∥u⊗ u− unlin ⊗ unlin∥2L2(R3).

Then, integrating on the time interval [−1/2, 1] yields∫ 1

−1/2

∫
R3

|∇unlin|2 dx dt ≤ M4 + 4

∫ 1

−1/2

∥u⊗ u− unlin ⊗ unlin∥2L2(R3) dt.

Notice that

u⊗ u− unlin ⊗ unlin = ulin ⊗ u+ unlin ⊗ ulin. (3.14)

Then, by hypothesis (HP), (3.8), (3.13) and Hölder’s inequality,∫ 1

−1/2

∥u⊗ u− unlin ⊗ unlin∥2L2(R3) dt

=

∫ 1

−1/2

∥ulin ⊗ u+ unlin ⊗ ulin∥2L2(R3) dt

≤
∫ 1

−1/2

∥ulin ⊗ u∥2L2(R3) dt+

∫ 1

−1/2

∥unlin ⊗ ulin∥2L2(R3) dt

= ∥ulin ⊗ u∥2L2
tL

2
x([−1/2,1]×R3) + ∥unlin ⊗ ulin∥2L2

tL
2
x([−1/2,1]×R3)

≤ ∥ulin∥2
L∞

t L
6,q1
x ([−1/2,1]×R3)

∥u∥2
L2

tL
3,q0
x ([−1/2,1]×R3)

+ ∥unlin∥2
L2

tL
3,q0
x ([−1/2,1]×R3)

∥ulin∥2
L∞

t L
6,q1
x ([−1/2,1]×R3)

≲ M4,
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where we assumed 1/2 = 1/q0 + 1/q1. and 1/q1 ≤ 5/6 + 1/q0, which is equivalent
to q1 ≥ 3/2. Thus, ∫ 1

−1/2

∫
R3

|u⊗ u− unlin ⊗ unlin|2 dx dt ≲ M4. (3.15)

Combining the above estimates yields∫ 1

−1/2

∫
R3

|∇unlin|2 dx dt ≲ M4. (3.16)

By Sobolev embedding in Lemma 2.4, we see for q ≥ 2

∥unlin∥L2
tL

6,q
x ([−1/2,1]×R3) ≲ ∥unlin∥L2

tL
6,2
x ([−1/2,1]×R3)

≲ ∥∇unlin∥L2
tL

2
x([−1/2,1]×R3)

≲ M2.

(3.17)

By Plancherel’s theorem, we get∑
N

N2∥PNunlin∥2L2
tL

2
x([−1/2,1]×R3) ≲ M4. (3.18)

Next, we prove the total speed property. Recall equation (3.11), apply the
Littlewood-Paley projector PN and get

PNunlin(x, t) = e(t+
1
2 )∆PNunlin(− 1

2 )−
∫ t

−1/2

PNe(t−s)∆
(
P∇ · P̃N (u⊗ u)

)
ds.

(3.19)

We will have

∥PNunlin∥L1
tL

∞
x ([0,1]×R3) ≲ MN exp (−N2/20)

+N−1∥P̃N (u⊗ u)∥L1
tL

∞
x ([−1/2,1]×R3).

(3.20)

Indeed, by equation (2.6) (p1 = q1 = ∞, p2 = 3), we see∥∥∥∥e(t+1
2 )∆PNunlin(− 1

2 )

∥∥∥∥
L1

tL
∞
x ([0,1]×R3)

≤
∥∥∥e−N2/20(t+ 1

2 )N∥unlin(− 1
2 )∥L3,q0

x

∥∥∥
L1

t

≤ MN exp (−N2/20).

Further, by (2.6),∥∥∥∥∥
∫ t

−1/2

PNe(t−s)∆
(
P∇ · P̃N (u⊗ u)

)
ds

∥∥∥∥∥
L1

tL
∞
x ([0,1]×R3)

≲
∫ 1

0

(∫ t

−1/2

Ne−N2(t−s)/20 ds

)
∥P̃N (u⊗ u)∥L∞

x
dt

≲ N−1∥P̃N (u⊗ u)∥L1
tL

∞
x ([−1/2,1]×R3).

Next, we split

u⊗ u = ulin ⊗ ulin + unlin ⊗ ulin + ulin ⊗ unlin + unlin ⊗ unlin. (3.21)

Thus, by equations (3.13), we get (with j = 0, p = ∞, q1 = ∞)

∥P̃N (ulin ⊗ ulin)∥L1
tL

∞
x ([−1/2,1]×R3) ≲ ∥ulin ⊗ ulin∥L1

tL
∞,∞
x ([−1/2,1]×R3) ≲ M2. (3.22)
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Then, by (2.2), (3.13) and (3.17), we obtain

∥P̃N (unlin ⊗ ulin)∥L1
tL

∞
x ([−1/2,1]×R3) ≲N1/2∥ulin ⊗ unlin∥L1

tL
6,∞
x ([−1/2,1]×R3)

≲N1/2∥ulin∥L2
tL

∞
x
∥unlin∥L2

tL
6,∞
x

≲M3N1/2.

Similarly, we get

∥P̃N (ulin ⊗ unlin)∥L1
tL

∞
x ([−1/2,1]×R3) ≲ M3N1/2.

Next, for unlin ⊗ unlin, we further decompose it into “low-low”, “low-high”, “high-
low” and “high-high”:

unlin ⊗ unlin = Πl−l +Πl−h +Πh−l +Πh−h, (3.23)

where

Πl−l = P≤Nunlin ⊗ P≤Nunlin, Πl−h = P≤Nunlin ⊗ P>Nunlin,

Πh−l = P>Nunlin ⊗ P≤Nunlin, Πh−h = P>Nunlin ⊗ P>Nunlin.

By Hölder’s inequality, we have

∥Πl−l∥L1
tL

∞
x ([−1/2,1]×R3) ≲ ∥P≤Nunlin∥2L2

tL
∞
x ([−1/2,1]×R3),

∥Πl−h +Πh−l∥L1
tL

2
x([−1/2,1]×R3)

≲ ∥P≤Nunlin∥L2
tL

∞
x ([−1/2,1]×R3)∥P>Nunlin∥L2

tL
2
x([−1/2,1]×R3),

∥Πh−h∥L1
tL

1
x([−1/2,1]×R3) ≲ ∥P>Nunlin∥2L2

tL
2
x([−1/2,1]×R3).

(3.24)

Hence, we get

∥P̃N (unlin ⊗ unlin)∥L1
tL

∞
x ([−1/2,1]×R3)

≲ ∥Πl−l∥L1
tL

∞
x ([−1/2,1]×R3) + ∥Πl−h +Πh−l∥L1

tL
∞
x ([−1/2,1]×R3)

+ ∥Πh−h∥L1
tL

∞
x ([−1/2,1]×R3)

≲ ∥Πl−l∥L1
tL

∞
x ([−1/2,1]×R3) +N3/2∥Πl−h +Πh−l∥L1

tL
2
x([−1/2,1]×R3)

+N3∥Πh−h∥L1
tL

1
x([−1/2,1]×R3)

≲ ∥P≤Nunlin∥2L2
tL

∞
x ([−1/2,1]×R3)

+N3/2∥P≤Nunlin∥L2
tL

∞
x ([−1/2,1]×R3)∥P>Nunlin∥L2

tL
2
x([−1/2,1]×R3)

+N3∥P>Nunlin∥2L2
tL

2
x([−1/2,1]×R3)

≲ ∥P≤Nunlin∥2L2
tL

∞
x ([−1/2,1]×R3) +N3∥P>Nunlin∥2L2

tL
2
x([−1/2,1]×R3).

where we used triangle inequality in the first inequality, Bernstein inequality in the
second inequality, and Young’s inequality

ab ≤ 1

2
a2 +

1

2
b2 for a = ∥P≤Nunlin∥L2

tL
∞
x ([−1/2,1]×R3),

and b = N3/2∥P≤Nunlin∥L2
tL

∞
x ([−1/2,1]×R3) in the forth inequality.

Thus, combining all the above estimates and recalling equations (3.20) yield

∥PNunlin∥L1
tL

∞
x ([0,1]×R3) ≲M3N−1/2 +N−1

(
∥P≤Nunlin∥2L2

tL
∞
x ([−1/2,1]×R3)

+N3∥P>Nunlin∥2L2
tL

2
x([−1/2,1]×R3)

)
.
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Then, by equation (2.2) and Cauchy-Schwarz, we get

∥P≤Nunlin∥2L2
tL

∞
x ([−1/2,1]×R3) = ∥

∑
N ′≤N

PN ′unlin∥2L2
tL

∞
x ([−1/2,1]×R3)

≲

 ∑
N ′≤N

N ′3/2∥PN ′unlin∥L2
tL

2
x([−1/2,1]×R3)

2

≲
∑

N ′≤N

N ′1/2
∑

N ′≤N

(N ′)5/2∥PN ′unlin∥2L2
tL

2
x([−1/2,1]×R3)

≲ N1/2
∑

N ′≤N

N ′5/2∥PN ′unlin∥2L2
tL

2
x([−1/2,1]×R3),

where N ′ ranges over powers of two. Next, by Plancherel, we see

∥P>Nunlin∥2L2
tL

2
x([−1/2,1]×R3) = ∥

∑
N ′>N

PN ′unlin∥2L2
tL

∞
x ([−1/2,1]×R3)

≲
∑

N ′>N

∥PN ′unlin∥2L2
tL

2
x([−1/2,1]×R3).

(3.25)

Thus, after summing in N and applying the triangle inequality together with equa-
tion (3.18), we have

∥P≥1u
nlin∥L1

tL
∞
x ([0,1]×R3)

≲ M3
∑
N

N−1/2 +
∑
N

N1/2
∑

N ′≤N

N ′5/2∥PN ′unlin∥2L2
tL

2
x([−1/2,1]×R3)

+
∑
N

N2
∑

N ′≤N

N ′5/2∥PN ′unlin∥2L2
tL

2
x([−1/2,1]×R3)

≲ M3 +
∑

N ′≤N

N ′2∥PN ′unlin∥2L2
tL

2
x([−1/2,1]×R3)

≲ M4.

By (3.8) and (2.2), We have

∥ulin∥L1
tL

∞
x ([0,1]×R3) + ∥P<1u

nlin∥L1
tL

∞
x ([0,1]×R3) ≲ M, (3.26)

and thus

∥u∥L1
tL

∞
x ([0,1]×R3) ≲ M4. (3.27)

This concludes the proof.

Proposition 3.2. (Epochs of regularity) Let u, b : [t0 − T, t0] × R3 → R3, p :
[t0 −T, t0]×R3 → R be a classical solution to the Navier-Stokes equation satisfying
(HP). Then for any interval I in [t0 − T/2, t0], there is a subinterval I ′ ⊂ I with
|I ′| ≳ M−8|I| such that

∥∇iu∥L∞
t L∞

x (I′×R3) ≲ MO(1)|I|−(i+1)/2 (3.28)

and

∥∇iω∥L∞
t L∞

x (I′×R3) ≲ MO(1)|I|−(i+2)/2

for i = 0, 1.
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Proof. By rescaling and time translation, we may assume without loss of generality
that I = [0, 1] and [−1, 1] ⊂ [t0 − T, t0]. We define the enstrophy-type quantity

E(t) = 1

2

∫
R3

|∇unlin(t, x)|2dx

where ∇unlin satisfies equation

∂tu
nlin −∆unlin + u · ∇u+∇p = 0. (3.29)

For E(t), we are able to find t1 ∈ [0, 1
2 ] such that E(t1) ≲ M4. For t ∈ [t1, t1 +

CM−8] = [τ(0), τ(1)], where τ(s) := t1 + scM−8 and small c > 0, a continuity
argument yields ∫ τ(1)

τ(0)

∫
R3

|∇2unlin|2 dx dt ≲ M4.

(more details about this can be found in [22] on page 13). By fundamental theorem
of calculus, we have

∥∇u∥L∞
t L2

x([τ(0),τ(1)]×R3) + ∥∇2u∥L2
tL

2
x([τ(0),τ(1)]×R3) ≲ M2. (3.30)

By the Gagliardo-Nirenberg inequality, we obtain

∥unlin∥L∞
x

≲ ∥∇unlin∥1/2L2
x
∥∇2unlin∥1/2L2

x
. (3.31)

In particular, we have

∥unlin∥L4
tL

∞
x ([τ(0),τ(1)]×R3) ≲ M2, ∥u∥L4

tL
∞
x ([τ(0),τ(1)]×R3) ≲ M2.

Hence, by equations (3.13) and (3.30) and Sobolev embedding, we get

∥∇unlin∥L2
tL

6
x([τ(0),τ(1)]×R3) ≲ M2, ∥∇u∥L2

tL
6
x([τ(0),τ(1)]×R3) ≲ M2. (3.32)

Now we do iteration to obtain higher regularity estimates. Assuming t ∈ [τ(0.1),
τ(1)], we have

u(t) = e(t−τ(0))∆u(τ(0))−
∫ t

τ(0)

e(t−s)∆P∇ · (u⊗ u) ds. (3.33)

Notice that by heat kernel estimates, we see

∥e(t−s)∆P∇ · (u⊗ u)∥L∞
x

≲ (t− s)−1/2∥u⊗ u∥L∞
x
,

and by (2.7),

∥e(t−τ(0))∆u(τ(0))∥L∞
x

≲ (t− τ(0))−1/2∥u(τ(0)∥L3,q0
x

≲ M5.

Since

(τ(0.1)− τ(0))−
1
2 ≤ (t− τ(0))−

1
2 ≤ (τ(1)− τ(0))−

1
2 ≲ M4.

Therefore, by triangle inequality

∥u(t)∥L∞
x (R3) ≤ ∥e(t−τ(0))∆u(τ(0))∥L∞

x (R3) +

∫ t

τ(0)

∥e(t−s)∆P∇ · (u⊗ u)∥L∞
x (R3) ds

≲ M5 +

∫ t

τ(0)

(t− s)−1/2∥u(s)∥2L∞
x (R3) ds.

Then, by Young’s convolution inequality, we get

∥u∥L8
tL

∞
x ([τ(0.1),τ(1)]×R3) ≲ M5 + ∥t− 1

2 ∥
L

8/7
t

∥u∥2L4
tL

∞
x

≲ M5 +M4 ≲ M5.
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Repeating the above process for t ∈ [τ(0.2), τ(1)] yields

∥u(t)∥L∞
x (R3) ≲ M5 +

∫ t

τ(0.1)

(t− s)−1/2∥u(s)∥2L∞
x (R3) ds.

And thus by Hölder’s inequality, we have

∥u∥L∞
t L∞

x ([τ(0.2),τ(1)]×R3) ≲ M5. (3.34)

Next, we want to show that

∥∇u∥L∞
t L∞

x ([τ(0.4),τ(1)]×R3) ≲ MO(1).

Indeed, from the mild formulation, we differentiate both sides of equation (3.33)
and get for t ∈ [τ(0.3), τ(1)]

∇u(t) = ∇e(t−τ(0.2))∆u(τ(0.2))−
∫ t

τ(0.2)

∇e(t−s)∆P∇ · (u⊗ u) ds. (3.35)

Thus we claim that

∥∇u(t)∥L∞
x (R3)

≲ ∥∇e(t−τ(0.2))∆u(τ(0.2))∥L∞
x (R3) +

∫ t

τ(0.2)

∥∇e(t−s)∆P∇ · (u⊗ u) ds∥L∞
x (R3)

≲ MO(1) +

∫ t

τ(0.2)

(t− s)−3/4∥∇ · (u⊗ u)(s)∥L6
x(R3) ds.

Indeed, by (2.7) (j = 1, d = 3, p2 = 3, q0 > 3), and τ(0.3) = t1 + 0.3cM−8,
τ(0.2) = t1 + 0.2cM−8,

∥∇e(t−τ(0.2))∆u(τ(0.2))∥L∞
x (R3) ≤ (t− τ(0.2))−1∥u(τ(0.2))∥L3,q0 (R3) ≲ MO(1).

By (2.7) (j = 1, d = 3, p2 = 6, q2 = 6),∫ t

τ(0.2)

∥∇e(t−s)∆P∇ · (u⊗ u) ∥L∞
x (R3) ds

≤
∫ t

τ(0.2)

(t− s)−3/4∥∇ · (u⊗ u)(s)∥L6
x(R3) ds.

By (3.32), (3.34), Young’s convolution inequality in time t, and Hölder’s inequality
in space x,

∥
∫ t

τ(0.2)

(t− s)−3/4∥∇ · (u⊗ u)(s)∥L6
x(R3) ds∥L4

t ([τ(0.3),τ(1)])

≤ ∥t−3/4∥
L

4/3
t

∥∇ · (u⊗ u)∥L2
tL

6
x([τ(0.2),τ(1)]×R3)

≲ ∥u · ∇u∥L2
tL

6
x([τ(0.2),τ(1)]×R3)

≲ ∥∇u∥L2
tL

6
x([τ(0),τ(1)]×R3)∥u∥L∞

t L∞
x ([τ(0.2),τ(1)]×R3)

≲ MO(1).

Hence, one has

∥∇u∥L4
tL

∞
x ([τ(0.3),τ(1)]×R3) ≲ MO(1). (3.36)

By (3.34), (3.36), Leibniz and Hölder’s inequality,

∥∇ · (u⊗ u)∥L4
tL

∞
x ([τ(0.3),τ(1)]×R3) ≲ MO(1).
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Similarly by (2.7)(j = 1, p1 = q1 = p2 = q2 = ∞), for t ∈ [τ(0.4), τ(1)],

∥∇u(t)∥L∞
x (R3) ≤ ∥∇e(t−τ(0.3))∆u(τ(0.3))∥L∞

x (R3)

+ ∥
∫ t

τ(0.3)

∇e(t−s)∆P∇ · (u⊗ u) ds∥L∞
x (R3)

≲ MO(1) +

∫ t

τ(0.3)

(t− s)−1/2∥∇ · (u⊗ u)(s)∥L∞
x (R3) ds.

Then, by Young’s convolution inequality in time t and Hölder’s inequality,

∥∇u∥L∞
t L∞

x ([τ(0.4),τ(1)]×R3) ≲ MO(1).

By the vorticity equation,

∂tω = ∆ω − (u · ∇)ω + (ω · ∇)u,

we have,

∂tω = ∆ω +O(MO(1))(|ω|+ |∇ω|)

on [τ(0.4), τ(1)] × R3 and ω = O(MO(1)) on this slab. By standard parabolic
estimates, we obtain

∥∇ω∥L∞
t L∞

x ([τ(0.5),τ(1)]×R3) ≲ MO(1).

Setting I ′ = [τ(0.5), τ(1)], we obtain the desired conclusion.

Proposition 3.3. (Back propagation) Let u : [t0 − T, t0] × R3 → R3, p : [t0 −
T, t0] × R3 → R be a classical solution to Navier-Stokes that obeys (HP) and let
(t1, x1) ∈ [t0 − T/2, t0]× R3 and N1 ≥ M3T

−1/2 be such that

|PN1u(t1, x1)| ≥ M−1
1 N1. (3.37)

Then there exists (t2, x2) ∈ [t0 − T/2, t1]×R3 and N2 ∈ [M−1
2 N1,M2N1] such that

M−1
3 N−2

1 ≤ t1 − t2 ≤ M3N
−2
1 (3.38)

and

|x2 − x1| ≤ M3N
−1
1 (3.39)

and

|PN2
u(t2, x2)| ≥ M−1

1 N2. (3.40)

Proof. Following [22], we renormalize N1 = 1 and choose t1 = 0 so that t0 − T ≤
−T/2 ≤ −M2

3 /2. In particular, [−2M3, 0] ⊂ [t0 − T, t0]. Then by our assumption
(3.37), we see

|P1u(0, x1)| ≥ M−1
1 . (3.41)

We now prove the claim by contradiction, i.e., we assume

∥PNu∥L∞
t L∞

x ([−M3,−M−1
3 ]×B(x1,M4))

≤ M−1
1 N (3.42)

for all M−1
2 ≤ N ≤ M2. Then, by fundamental theorem of calculus in time, we

enlarge the time interval so that

∥PNu∥L∞
t L∞

x ([−M3,0]×B(x1,M4)) ≤ M−1
1 N. (3.43)



16 WEN FENG, JIAO HE AND WEINAN WANG

Step 1. Suppose N ≥ M−1
2 , then by Duhamel, we get

∥PNu(t)∥
L

3/2,q0/2
x (B(x1,M4))

≤ ∥e(t+2M3)∆PNu(−2M3)∥L3/2,q0/2
x (B(x1,M4))

+

∫ t

−2M3

∥e(t−s)∆PNP∇ · (u⊗ u)∥
L

3/2,q0/2
x (B(x1,M4))

ds

= I1 + I2,

(3.44)

where t ∈ [−M3, 0]. By (2.6) with p1 = p2 = 3, q1 = q2 = q0, j = 0, and
−2M3 ≤ −t− 2M3 ≤ −M3 and (HP), we see

I1 = ∥e(t+2M3)∆PNu(−2M3)∥L3/2,q0/2
x (B(x1,M4))

≲ ∥1B(x1,M4)∥L3,q0
x (R3)

∥e(t+2M3)∆PNu(−2M3)∥L3,q0
x (R3)

≲ M4e
−N2(t+2M3)

20 ∥u(−2M3)∥L3,q0
x (R3)

≲ MM4e
−N2M3

20 .

By (2.6) with p1 = p2 = 3/2, q1 = q2 = q0/2, and j = 1, we obtain

I2 =

∫ t

−2M3

∥e(t−s)∆PNP∇ · (u⊗ u)∥
L

3/2,q0/2
x (R3)

ds

≲
∫ t

−2M3

Ne−
N2(t−s)

20 ∥(u⊗ u)∥
L

3/2,q0/2
x (R3)

ds

≲
∫ t

−2M3

Ne−
N2(t−s)

20 ∥u∥2
L

3,q0
x (R3)

ds

≲ M2N−1(1− e−
N2(t+2M3)

20 )

≲ M2N−1.

Thus, combining the estimates of I1 and I2 above yields

∥PNu(t)∥
L∞

t L
3/2,q0/2
x (B(x1,M4))

≤ MM4e
−N2M3

20 +M2N−1 ≤ M2N−1. (3.45)

Hence in the range N ≥ M−1
2 ,

∥PNu(t)∥
L∞

t L
3/2,q0/2
x ([−M3,0]×B(x1,M4))

≲ M2N−1. (3.46)

Step 2. Suppose N ≥ M
−1/2
2 , then by Duhamel, we get

∥PNu(t)∥
L

1,q0/2
x (B(x1,M4/2))

≤ ∥e(t+2M3)∆PNu(−2M3)∥L1,q0/2
x (B(x1,M4/2))

+

∫ t

−M3

∥e(t−s)∆PNP∇ · (u⊗ u)∥
L

1,q0/2
x (B(x1,M4/2))

ds,

(3.47)

where t ∈ [−M3/2, 0]. We apply Hölder’s inequality, (HP), and (2.6) and obtain

∥e(t+2M3)∆PNu(−2M3)∥L1,q0/2
x (B(x1,M4/2))

≲ MM2
4 e

−N2M3/40. (3.48)

Then, we apply our multiplier theorem and obtain for the range N ≥ M
−1/2
2 ,

∥PNu(t)∥
L∞

t L
1,q0/2
x ([−M3/2,0]×B(x1,M4/2))

≲ M3N−2. (3.49)
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Step 3. Suppose M
−1/3
2 ≤ N ≤ M

1/3
2 .

∥PNu(t)∥
L

2,q0/2
x (B(x1,M4/4))

≤ ∥e(t+2M3)∆PNu(−M3/2)∥L2,q0/2
x (B(x1,M4/4))

+

∫ t

−2M3

∥e(t−s)∆PNP∇ · (u⊗ u)∥
L

2,q0/2
x (B(x1,M4/4))

ds,

(3.50)

where t ∈ [−M3/3, 0]. Similar to equation (3.48) and by (2.5) (p1 = 2, p2 = 1, q1 =
q2 = q0

2 ), we obtain

∥PNu∥
L∞

t L
2,q0/2
x ([−M3/4,0]×B(x1,M4/4))

≤ M−40
4 +N1/2∥P̃N (u(s)⊗ u(s))∥

L∞
t L

1,q0/2
x [−M3/2,0]×B(x1,M4/3)

.
(3.51)

We split P̃N (u(s)⊗ u(s)) into “low-high”, “high-low”, and “high-high” terms, that
is,

P̃N (u⊗ u) = πh−l + πl−h + πh−h,

where

πh−l =
∑

N ′
1∼N

P̃N (PN ′
1
u⊗ P≤N/100u),

πl−h =
∑

N ′
1∼N

P̃N (P≤N/100 ⊗ PN ′
1
u)

πh−h = P̃N

∑
N ′

1∼N ′
2≥N

PN ′
1
u⊗ PN ′

2
u.

Here, the low-low term Πl−l vanishes, because we have supp
̂(

P≤N ′
1/100

u · P≤N ′
1/100

u
)

⊂ {|ξ| ≤ N ′
1/50}, by the convolution formula for the Fourier transform. Since the

Fourier support of P̃N is contained in an annulus {|ξ| ∼ N ′
1}, which is disjoint from

{|ξ| ≤ N ′
1/50}, so we have Πl−l = 0.

Notice that in both πh−l and πl−h, we have O(1) terms of the “high-low” form
or the “low-high” form, so we only need to treat the term inside the sum. We do
here the estimate for πh−l, the rest follows similarly. By triangle inequality, (3.46)
and pointwise derivative estimate (3.1), we have

∥P≤N/100u∥L∞
t L

3/2,q0/2
x ([−M3,0]×B(x1,M4))

≤ ∥
∞∑
k=0

P2−kN/100u∥L∞
t L

3/2,q0/2
x

≤
∞∑
k=0

∥P2−kN/100u∥L∞
t L

3/2,q0/2
x

≤
100∑
k=0

∥P2−kN/100u∥L∞
t L

3/2,q0/2
x

+

∞∑
k=100

∥P2−kN/100u∥L∞
t L

3/2,q0/2
x

≲
100∑
k=0

M2 2
k100

N
+

∞∑
k=100

M
2−kN

100

≲ M2N−1.
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For the high-low term, by (2.5) and (2.2), we see

∥P̃N (PN ′
1
u⊗ P≤N/100u)∥L1,q0/2

x B(x1,M4/3)

≤ ∥PN ′
1
u⊗ P≤N/100u∥L1,q0/2

x B(x1,M4/2)
+M−40

4

≲ ∥PN ′
1
u∥L∞

x
∥P≤N/100u∥L1,q0/2

x B(x1,M4/2)
+M−40

4

≲ M−1
1 NN−1∥P≤N/100u∥L3/2,q0/2

x B(x1,M4/2)

≲ M3M−1
1 N−1.

For the “high-high” term, by (3.49),∥∥∥∥∥∥P̃N

 ∑
N ′

1∼N ′
2≥N

PN ′
1
u⊗ PN ′

2
u

∥∥∥∥∥∥
L

1,q0/2
x B(x1,M4/3)

≤
∑

N ′
1∼N ′

2≥N

∥PN ′
1
u⊗ PN ′

2
u∥

L
1,q0/2
x

+M−40
4

≲
∑

N ′
1∼N ′

2≥N

∥PN ′
1
u∥

L
1,q0/2
x

∥PN ′
2
u∥L∞ +M−40

4

≲
∑

N ′
1∼N ′

2≥N

M3(N ′
1)

−2
M−1

1 N ′
2

≲ M3M−1
1

∑
N ′

1≥N

(N ′
1)

−1

≲ M3M−1
1 N−1.

Gathering the estimates above, we conclude that for frequencyM
−1/3
2 ≤ N ≤ M

1/3
2 ,

∥PNu∥
L∞

t L
2,

q0
2

x ([−M3/4,0]×B(x1,M4/4))
≲ M3M−1

1 N−1/2. (3.52)

We see that all the estimates above we obtained in step 1-3 hold in the time interval
[−M3

4 , 0], so let us apply Duhamel’s formula on this interval to get that

M−1
1 ≤ |P1u(0, x1)|

≲
∣∣∣eM3

4 ∆P1u(−
M3

4
)
∣∣∣(x1) +

∫ 0

−M3
4

|e−s∆P1∇ · P̃1(u(s)⊗ u(s))|(x1) ds

≲ e−
1
20

M3
4 M3 +

∫ 0

−M3
4

e
t′
20

(
∥P̃1(u(s)⊗ u(s))(·)∥

L
1,

q0
2

x (B(x1,M1))
+M−50

1

)
ds,

where we used Bernstein’s inequality (2.6) (p1 = q1 = ∞, p2 = 3, q2 = q0) and (HP)
for the first term and Bernstein’s inequality (2.6) (p1 = q1 = ∞, p2 = 1, q2 = q0

2 ) and
local version of multiplier estimate (2.5) (p1 = q1 = ∞, p2 = q2 = 1, p3 = 3, q3 = q0)

for the second term. We see that the factor e−
1
20

M3
4 M3 on the right-hand side of

the inequality above is negligible compared to the integral term, so that by the
pigeonhole principle, for some s ∈ [−M3

4 , 0], we have

M−1
1 ≲ ∥P̃1(u(s)⊗ u(s))(·)∥

L
1,

q0
2

x (B(x1,M1))
.

We fix this s and split P̃1(u(s) ⊗ u(s)) into three sum terms as in the step 3. For
“high-low” term and “low-high” term, by local version of the multiplier theorem
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(2.5) and Hölder inequality (2.1) we have

∥P̃1(PN ′
1
u(s)⊗ P≤1/100u(s))(·)∥

L
1,

q0
2

x (B(x1,M1))

≲ ∥PN ′
1
u(s)∥

L
2,q0
x (B(x1,2M1))

∥P≤1/100u(s)∥L2,q0
x (B(x1,2M1))

+M−50
1

≲ ∥PN ′
1
u(s)∥

L
2,

q0
2

x (B(x1,2M1))
∥P≤1/100u(s)∥

L
2,

q0
2

x (B(x1,2M1))
+M−50

1

≲ M3M−1
1 N ′

1
−1/2

M3M−1
1 +M−50

1

≲ M6M−2
1 ,

where we used (3.52) (notice that N ′
1 = N ≥ M

−1/3
2 ). For the high-high term,∑

N ′
1∼N ′

2≳1

∥P̃1(PN ′
1
u(s)⊗ PN ′

2
u(s))(·)∥

L
1,

q0
2

x (B(x1,M1))

=
∑

1≲N ′
1∼N ′

2≲M
1/3
2

∥P̃1(PN ′
1
u(s)⊗ PN ′

2
u(s))(·)∥

L
1,

q0
2

x (B(x1,M1))

+
∑

N ′
1∼N ′

2≳M
1/3
2

∥P̃1(PN ′
1
u(s)⊗ PN ′

2
u(s))(·)∥

L
1,

q0
2

x (B(x1,M1))

≲
∑

1≲N ′
1∼N ′

2≲M
1/3
2

∥PN ′
1
u(s)∥

L
2,

q0
2

x (B(x1,2M1))
∥PN ′

2
u(s))∥

L
2,

q0
2

x (B(x1,2M1))

+
∑

N ′
1∼N ′

2≳M
1/3
2

∥PN ′
1
u(s)∥

L
3,q0
x (B(x1,2M1))

∥PN ′
2
u(s)∥

L
3/2,q0
x (B(x1,2M1))

(by Hölder’s inequality)

≲ M6M−2
1 +M3M

−1/3
2 (by equations (3.52) and (3.46))

≲ M6M−2
1 .

Gathering all the estimates above we obtain

M−1
1 ≲ M6M−2

1 ,

which gives a contradiction.

Proposition 3.4. (Iterated back propagation, [22]) Let x ∈ R3 and N0 > 0 be such
that

|PN0u(t1, x1)| ≥ M−1
1 N0.

Then for every M4N
−2
0 ≤ T1 ≤ M−1

4 T , there exists (t1, x1) ∈ [t0−T, t0−M−1
3 T1]×

R3 and N1 = M
O(1)
3 T

−1/2
1 such that

x1 = x0 +O(M
O(1)
4 T

1/2
1 ), |PN1

u(t1, x1)| ≥ M−1
1 N1.

Proposition 3.5. (Annuli of regularity) Let u : [t0 − T, t0] × R3 → R3, p : [t0 −
T, t0] × R3 → R be a classical solution to Navier-Stokes that obeys (HP). If 0 <
T ′ < T/2, x0 ∈ R3, and R0 ≥ (T ′)1/2, then there exists a scale

R0 ≤ R ≤ exp (M
O(1)
6 )R0

such that on the region

Ω := {(t, x) ∈ [t0 − T ′, t0]× R3 : R ≤ |x− x0| ≤ M6R}



20 WEN FENG, JIAO HE AND WEINAN WANG

we have

∥∇iu∥L∞
t L∞

x (Ω) ≲ M
O(1)
6 |T ′|−(i+1)/2, ∥∇iω∥L∞

t L∞
x (Ω) ≲ M

O(1)
6 |T ′|−(i+2)/2

for i = 0, 1.

Before proving the proposition above, let us give some useful lemmas.

Lemma 3.6. Let A,R0 > 0 and A6 >> A. Assume that
∫
R3 f(x) dx ≤ A, then we

can find a scale A100
6 R0 ≤ R ≤ exp(A100

6 )R0 such that∫
IR

f(x) dx ≤ A−10
6 ,

where IR := {x : A−10
6 R ≤ |x| ≤ A10

6 R}.

Proof. The main idea is by the pigeonhole principle, so let us suppose that for
every scale R, we have

∫
IR

f dx > A−10
6 , then we give proof by contradiction. Let

us construct a sequence of Rn as follows:

R1 = A100
6 R0, R2 = A200

6 R0, · · · , Rn = A100n
6 R0 ≤ exp(A100

6 )R0,

we thus obtain a sequence of annulus disjoint

IR1
= {x : A90

6 R0 ≤ |x| ≤ A110
6 R0},

IR2 = {x : A190
6 R0 ≤ |x| ≤ A210

6 R0},
· · ·
IRn

= {x : A100n−10
6 R0 ≤ |x| ≤ A100n+10

6 R0}.

On one hand, we have A100n
6 R0 ≤ exp(A100

6 )R0, so that n has a upper bound

n ≤ A100
6

100 ln(A6)
. Set n0 :=

⌊
A100

6

100 ln(A6)

⌋
where ⌊x⌋ means the integer closest to x.

Summing the integrals together up to n0, we get that
n0∑
k=1

∫
IRk

f(x) dx > n0A
−10
6 > A6.

On the other hand, as these annulus are disjoint, by the assumption
∫
R3 f(x) dx ≤ A,

we have
n0∑
k=1

∫
IRk

f dx ≤
∫
R3

f(x) dx ≤ A << A6.

So the lemma is proved.

Notice that in order to prove Proposition 3.5, the estimate that we obtained
previously for the linear component (see (3.13)) is not sufficient. The following
Lemma is devoted to a precise estimate of the linear component ulin, which is the
first step of the proof of Proposition 3.5.

Lemma 3.7. Assume that u : [t0 − T, t0] × R3 → R3 is a classical solution to

Navier-Stokes that obeys (HP). If 0 < T ′ < T
2 , x0 ∈ R3 and R0 ≥

√
T ′, then there

exists a time t1 ∈ [− t0
2 , t0 − T ′] and a scale

M100
6 R0 ≤ R ≤ exp (M

O(1)
6 R0) (3.53)

such that for j = 0, 1

sup
t1≤t≤1

sup
I
M8

6R

|∇julin(t, x)|2 ≲ M−3
6 and sup

t1≤t≤1
sup
I
M8

6R

|∇jωlin(t, x)|2 ≲ M−3
6 ,
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where IMk
6 R := {x : M−k

6 R ≤ |x| ≤ Mk
6R} and k ∈ N.

Proof. By rescaling, we may assume that [t0 − T ′, t0] = [0, 1]. As 0 < T ′ < T
2 , we

have [−1, 1] ⊂ [t0 − T, t0]. Recalling the previous bound for the linear part (see
(3.13))

∥∇julin∥L∞
t L

p,q1
x ([−1/2,0]×R3) ≲ M, with j ≥ 0, 3 ≤ p ≤ ∞,

1

q1
≤ 1

p
+

1

q0
+

2

3
,

and by choosing p = q1 = 3, we can find that there exists a time t1 ∈ [−1/2, 0] such
that ∫

R3

|∇julin(t1, x)|3 dx ≲ M3, for all j ≥ 0. (3.54)

Fixing this t1, by Lemma 3.6, we are able to find a scale M100
6 ≤ R ≤ exp (M

O(1)
6 )

such that ∫
I
M10

6 R

|∇julin(t1, x)|3 dx ≲ M−10
6 , for all j ≥ 0.

In particular, we have

∥ulin(t1, ·)∥3W 1,3(I
M10

6 R
) ≤ M−10

6 and ∥ωlin(t1, ·)∥3W 1,3(I
M10

6 R
) ≤ M−10

6

Let us now fix this R and propagate the above estimate to [t1, 1]. By Sobolev’s
inequality, we obtain that

sup
I
M9

6R

|∇julin(t1, x)| ≲ M−3
6 and sup

I
M9

6R

|∇jωlin(t1, x)| ≲ M−3
6

for j = 0, 1. As we have ∂t∇julin = ∆∇julin and ∂t∇jωlin = ∆∇jωlin, so we can
solve the linear heat equation with initial data at time t1, which implies that

sup
t1≤t≤1

sup
I
M8

6R

|∇julin(t, x)| ≲ M−3
6 and sup

t1≤t≤1
sup
I
M8

6R

|∇julin(t, x)| ≲ M−3
6

for j = 0, 1. The lemma is proved.

The following lemma gives an estimate of nonlinear part unlin with localiza-
tion. The strategy is to introduce a time-dependent cut-off function and by energy
method, we are able to show that nonlinear part is bounded locally in some proper
annuli depending on time. To do this, we first introduce two time-dependent radii

R−(t) := R−+C0

∫ t

t1

(M6+∥u(s)∥L∞
x
) ds, R+(t) := R+−C0

∫ t

t1

(M6+∥u(s)∥L∞
x
) ds

with

R− ∈ [M−8
6 R, 2M−8

6 R]; R+ ∈ [M8
6R/2,M8

6R],

where R is the same scale in Lemma 3.7. With R−(t) and R+(t), we define the
following time-dependent cut-off function

θ(x, t) := max{min{M6, |x| −R−(t), R+(t)− |x|}, 0}. (3.55)

Notice that θ(t) is equal to M6 for x ∈ {R−(t) +M6 ≤ |x| ≤ R+(t)−M6} and the
support of θ is the annulus {R−(t) ≤ |x| ≤ R+(t)} with R−(t) ∈ [M−8

6 R, 3M−8
6 R]

and R+(t) ∈ [M8
6R/3,M8

6R]. Indeed, by the choice of R in Lemma 3.7, we have

R−(t) ≤ R− + C0M6(t− t1) + C0M
4(t− t1)

1/2 ≤ R− +M−8
6 R ≤ 3M−8

6 R.

In particular, we have [R−(t), R+(t)] ⊂ [M−8
6 R,M8

6R] ⊂ [M−10
6 R,M10

6 R] .
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Lemma 3.8. For t ∈ [t1, 1], we have the following estimate for the enstrophy
localization ∫

R3

|ωnlin|2θ(t, x) dx ≲ M−2
6 ,

where θ is defined in (3.55). Moreover,∫ 1

t1

∫
R3

|∇ωnlin(t, x)|2θ(t, x)dxdt ≲ M−2
6 .

Proof. Let us decompose the vorticity ω := ωlin + ωnlin = ∇ × ulin + ∇ × unlin.
Obviously, the linear part solves the heat equation ∂tω

lin −∆ωlin = 0 and thus the
nonlinear parts satisfy

∂tω
nlin −∆ωnlin = −u · ∇ω + ω · ∇u. (3.56)

In order to derive the estimate for ωnlin, we first recall the previous bound for the

nonlinear part of the velocity,
∫ 1

−1/2

∫
R3 |∇unlin|2 dx dt ≲ M4 (see (3.16)) and using

the same time t1 ∈ [− 1
2 , 0] obtained in the proof of Lemma 3.7, we have∫

R3

|∇unlin(t1, x)|2 dx ≲ M4.

As M << M6, we get that∫
M−10

6 R≤|x|≤M10
6 R

|∇unlin(t1, x)|2 dx ≲ M−10
6 ,

where R satisfies the same scale M100
6 R0 ≤ R ≤ exp (M

O(1)
6 R0). To simplify the

computation, we define the enstrophy localization by E(t), i.e.,

E(t) =
1

2

∫
R3

|ωnlin(t, x)|2θ(t, x) dx.

Then, from the construction of the cut-off function θ(x, t), we have

E(t1) =
1

2

∫
R3

|ωnlin(t1, x)|2θ(t1, x) dx

≲ M6

∫
M−10

6 R≤|x|≤M10
6 R

|ωnlin(t1, x)|2 dx

≲ M−9
6 .

From the vorticity equation (3.56) and integration by parts, we obtain

∂tE(t) = −F1(t) + F2(t) + F3(t) + F4(t) + F5(t) + F6(t),

where

F1(t) =

∫
R3

|∇ωnlin(t, x)|2θ(t, x)dx,

F2(t) = −1

2

∫
R3

|ωnlin(t, x)|2∂tθ(t, x)dx,

F3(t) =
1

2

∫
R3

|ωnlin(t, x)|2∆θ(t, x)dx,

F4(t) =
1

2

∫
R3

|ωnlin(t, x)|2u(t, x) · ∇θ(t, x)dx,

F5(t) = −
∫
R3

ωnlin · (u(t, x) · ∇)ωnlinθ(t, x)dx,
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F6(t) =

∫
R3

ωnlin · (ωlin · ∇)unlinθ(t, x)dx,

F7(t) =

∫
R3

ωnlin · (ωnlin · ∇)ulinθ(t, x)dx,

F8(t) =

∫
R3

ωnlin · (ωlin · ∇)ulinθ(t, x)dx,

F9(t) =

∫
R3

ωnlin · (ωlin · ∇)unlinθ(t, x)dx.

We notice that

∂tθ(t, x) = −C0(M
−2
6 + ∥u∥L∞(R3))|∇θ(t, x)|

Thus, F2 ≥ 0. Next, the estimates of F3(t) and F4 follow exactly the same estimates
as in [22] and thus

F4(t) ≤ C−1
0 F2(t),

∫ 1

t1

|F3(t)| dt ≤ M−10
6 . (3.57)

Furthermore, by the hypothesis (HP) and equation (3.13), we get

F5(t) ≤ E(t) +

∫
R3

|u · ∇ωlin|2θ(t, x) dx ≤ E(t) +M−2
6 . (3.58)

Similarly, we have

F7(t) ≤ E(t), F9(t) ≲ E(t) +M−2
6 . (3.59)

and by Lemma 3.7, we see

F8(t) ≤ E(t) + F10(t), (3.60)

where

F10(t) = M−3
6

∫
R3

|∇ulin|2 dx

with ∫ 1

t1

|F10(t)| dt ≲ M−2
6 . (3.61)

The estimate of F6 will be exactly like Tao and we see

F6(t) = F61(t) + F62(t),

where

F61(t) ≲
1

2
F1(t) +O(E1/2)F1(t) +M−2

6 + E2(t)F1(t), (3.62)

and

F62(t) ≲ E(t) + C−1
0 F2(t). (3.63)

Thus, combining the above estimates in equations (3.57), (3.58), (3.59), (3.60),
(3.62), and (3.63) yields

∂tE(t) + F1(t) + F2(t) ≤ F3(t) + E(t) +M−2
6 +M−1

0 F2(t) +
1

2
F1(t)

+O(E)1/2F1(t) +M−2
6 + E2(t)F1(t) + F10(t)

and thus

∂tE(t) + F1(t) + F2(t)

≤ F3(t) + E(t) +M−2
6 +O(E1/2)F1(t) +M−2

6 + E2(t)F1(t) + F10(t)
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Finally, by equations (3.57) and (3.61) and continuity argument, we get for t1 ≤
t ≤ 1

E(t) ≲ M−2
6

and ∫ 1

t1

F1(t)dt =

∫ 1

t1

∫
R3

|∇ωnlin(t, x)|2θ(t, x)dxdt ≲ M−2
6 .

which ends the proof of Lemma.

With the estimates of the vorticity, we are able to show the estimates of the
velocity in Proposition 3.5.

Proof of Proposition 3.5. Using the same Whitney decomposition argument as in
[22] and combing the results in Lemma 3.8, we have the estimates of the velocity

sup
t1≤t≤1

∫
I
M7

6R

|∇unlin(t, x)|2dxdt ≲ M−2
6

and ∫ 1

t1

∫
I
M6

6R

|∇2unlin(t, x)|2dxdt ≲ M−2
6 ,

where we recall the definition of IMk
6 R := {x : M−k

6 R ≤ |x| ≤ Mk
6R} and k ∈ N.

Then, from the Gagliardo-Nirenberg inequality for ∥unlin∥L∞
x

and Hölder inequality,
we have

∥unlin∥L4
tL

∞
x ([t1,1]×I

M5
6R

) ≲

∥∥∥∥∥∇unlin∥1/2L2
x(IM5

6R
)∥∇

2unlin∥1/2L2
x(IM5

6R
)

∥∥∥∥
L4

t ([t1,1])

≲ ∥∇unlin∥1/2L∞
t L2

x([t1,1]×I
M5

6R
)∥∇

2unlin∥1/2
L2

tL
2
x([t1,1]×I

M5
6R

)

≲M−2
6 .

Combining with the estimates of the linear part ulin in Lemma 3.7, we get that

∥u∥L4
tL

∞
x ([t1,1]×I

M5
6R

) ≲ M−2
6 .

Notice that L4
tL

∞
x are sub-critical regularity estimate, so by using the same argu-

ment as in (iii), as well as the local version of multiplier theorem (see (2.5)), we can
obtain higher regularity

∥u∥L8
tL

∞
x ([t1,1]×I

M4
6R

) ≲ M−2
6

Then we fix the time interval but shrink the space interatively by (2.5) and obtain

∥u∥L∞
t L∞

x ([t1,1]×I
M3

6R
) ≲ M−2

6 .

Repeat the third step in (iii), it follows

∥∇u∥L4
tL

∞
x ([t1,1]×I

M2
6R

) ≲ M−2
6 , ∥∇u∥L∞

t L∞
x ([t1,1]×{M6R≤|x|≤2M6R}) ≲ M−2

6 .

Using vorticity’s equation, we get

∥∇ω∥L∞
t L∞

x ([t1,1]×{R≤|x|≤M6R}) ≲ M−2
6 .
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4. Proofs of Theorems 1.1, 1.2, and 4.1. In this section, we prove our main
theorems. We start with the proof of Theorem 4.1 and apply it to prove Theorems
1.2 and 1.1.

Theorem 4.1. Assume that t0, T, u, p,M obey the hypotheses of Propositions 3.1,
3.2-3.5 and that there exists x0 ∈ R3 and N0 > 0 such that

|PN0
u(t0, x0)| ≥ M−1

1 N0.

Then,

TN2
0 ≤ exp(exp(exp(M

O(1)
6 ))).

Proof of Theorem 4.1. The proof is by contradiction and similar to [22]. The idea
is to apply the quantitative version of the Carleman estimates from [8] (see A.1,
A.2, and A.3), which requires Propostion 3.2 (epochs of regularity) and Proposition
3.5 (annuli of regularity) to provide good quantitative estimates. After summing
the disjoint scales, we will obtain a contradiction to (HP).

Proof of Theorem 4.1. We assume for the sake of contradiction that

TN2
0 > exp(exp(exp(MC

6 )))

for a sufficiently large constant C. We normalize N0 = 1 and t0 = 0. By Proposition
3.4 (Iterated back propagation), we can construct a sequence of scales and times
(tk, xk, Nk) for k = 0, . . . ,K with K ≈ MC

6 , such that

|PNk
u(tk, xk)| ≥ M−1

1 Nk.

These “bubbles” of concentration are separated by large time intervals. Specifically,
we can ensure the scales Nk are sufficiently separated. Between these concentration
events, we apply Proposition 3.5 (Annuli of regularity). For each k, there exists
a large annulus Ωk in spacetime around (tk, xk) where the solution (u, ω) and its

derivatives are bounded by M
O(1)
6 . We then define a test function g localized to

these annuli and apply the Carleman inequalities (Theorem A.2 and A.3). The
Carleman estimates quantify the unique continuation property: since the solution
is small (regular) in the annuli Ωk, it must be small everywhere in the associated
backward heat kernel standard deviation. Specifically, the quantitative Carleman
inequalities imply that the mass of the solution decaying from time tk−1 to tk is
controlled by the mass in the regular annulus plus a double exponentially small
error term. By iterating this K times, the upper bound on the solution at the
bubble (tK , xK) becomes smaller than the lower bound M−1

1 NK provided by the
back propagation, yielding the contradiction. The dependence on q0 enters via
the constants Mi, but the double exponential structure arises from the Carleman
weights.

After we prove Theorem 4.1, we are ready to prove Theorem 1.1 and Theorem
1.2.

Proof of Theorem 1.2. By rescaling, it suffices to prove the result when t = 1, so
we have T ≥ 1. Without loss of generality, we assume that M ≥ C0, so Theorem
4.1 implies that, for N ≥ N∗ := exp(exp(exp(M7)))

∥PNu∥L∞
t L∞

x ([1/2,1]×R3) ≤ M−1
1 N. (4.1)

On [1/2, 1]× R3, we split u = ulin + unlin where ulin is the linear solution

ulin := et∆u(0)
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and unlin := u− ulin is the nonlinear component, and similarly, we split ω = ωlin +
ωnlin. From the standard heat kernel bound (2.7) in Lorentz spaces and hypothesis
(HP), we have

∥∇julin∥L∞
t L

p,q1
x ([1/2,1]×R3) ≲ M,

where j ≥ 0 and 3 ≤ p ≤ ∞, 1/q1 ≤ 1/p+ 1/q0 + 2/3. In particular, we have

∥∇julin∥L∞
t Lp

x([1/2,1]×R3) ≲ M and ∥∇jωlin∥L∞
t Lp

x([1/2,1]×R3) ≲ M (4.2)

for all j ≥ 0 and 3 ≤ p ≤ ∞. As in the proof of Proposition 3.2, for the vorticity,
we define the following nonlinear enstrophy-type quantity for t ∈ [1/2, 1],

F (t) =
1

2

∫
R3

|ωnlin(t, x)|2dx.

By Plancherel’s theorem, we have

∥∇unlin∥L2(R3) ≲ ∥ωnlin∥L2(R3) =
√
2F (t)1/2

From the vorticity equation (3.56) and integrating by part we obtain

∂tF (t) = −F1(t)+F2(t) + F3(t) + F4(t) + F5(t) + F6(t)

where

F1(t) =

∫
R3

|∇ωnlin(t, x)|2dx, F2(t) = −
∫
R3

ωnlin · (u · ∇)ωlindx,

F3(t) =

∫
R3

ωnlin · (ωnlin · ∇)unlindx, F4(t) =

∫
R3

ωnlin · (ωnlin · ∇)ulindx,

F5(t) =

∫
R3

ωnlin · (ωlin · ∇)unlindx, F6(t) =

∫
R3

ωnlin · (ωlin · ∇)ulindx.

Among these six terms, the third term F3(t) is more delicate to treat as there are
three non-linear terms involving in. For terms F2(t) and F6(t), we use Hölder’s
inequality to get that, for t ∈ [1/2, 1],

F2(t) ≤ ∥ωnlin∥L2(R3)∥u∥L4(R3)∥∇ωlin∥L4(R3) ≲ M2F (t)1/2 ≤ M4 + F (t)

and

F6(t) ≤ ∥ωnlin∥L2(R3)∥ωlin∥L4(R3)∥∇ulin∥L4(R3) ≲ M2F (t)1/2 ≤ M4 + F (t)

where we used estimate (4.2) and Cauchy-Schwarz inequality. Similarly, for F4(t)
and F5(t), we have for t ∈ [1/2, 1],

F4(t) ≤ ∥ωnlin∥L2(R3)∥ωnlin∥L2(R3)∥∇ulin∥L∞(R3) ≲ MF (t)

and

F5(t) ≤ ∥ωnlin∥L2(R3)∥ωlin∥L∞(R3)∥∇unlin∥L2(R3) ≲ MF (t).

We now turn to deal with F3(t) by using the bound (4.1). By Littlewood-Paley
decomposition

F3(t) ≲
∑

N1,N2,N3

∫
R3

PN1
ωnlin · (PN2

ωnlin · ∇)PN3
unlin dx,

where N1, N2, N3 range over powers of two. The integral does not vanish in three
cases: N1 ∼ N2 ≳ N3, N2 ∼ N3 ≳ N1 and N1 ∼ N3 ≳ N2. Then we control the
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two highest frequency terms in L2
x and the lower one in L∞

x , and by the Littlewood-
Paley, we obtain

F3(t) ≲
∑

N1,N2,N3:N1∼N2≳N3

∥PN1ω
nlin∥L2

x(R3)∥PN2ω
nlin∥L2

x(R3)∥PN3ω
nlin∥L∞

x (R3).

By (3.2),

∥PN3
ωnlin∥L∞

x (R3) ≲ O(MN2
3 ).

If N3 ≥ N∗, by(4.1) and (2.2) we have (j = 1, p1 = q1 = p2 = q2 = ∞)

∥PN3
ωnlin∥L∞

x (R3) = ∥PN3
∇× unlin∥L∞

x (R3) ≲ N3∥PN3
unlin∥L∞

x (R3) ≲ O(M−1
1 N2

3 ).

We thus obtain∑
N3≲N2

∥PN3
ωnlin∥L∞

x (R3) ≲
∑

N∗<N3≤N2

M−1
1 N2

3 +
∑

N3<N∗

MN2
3

≲ M−1
1 N2

2 +MN2
∗

and by Cauchy-Schwarz,

F3(t) ≲
∑
N1

∥PN1ω
nlin∥2L2

x(R3)(M
−1
1 N2

1 +MN2
∗ ).

On the other hand, by Plancherel’s theorem,

F1(t) = ∥∇ωnlin(t, x)∥2L2
x(R3) ∼

∑
N1

∥PN1ω
nlin∥L2

x(R3)N
2
1 .

Recall that F (t) = 1
2

∫
R3 |ωnlin|2 dx, then by Plancherel’s theorem, we get

F (t) ∼
∑
N1

∥PN1
ωnlin∥2L2

x(R3).

Therefore,

F3(t) ≲ M−1
1 F1(t) +MN2

∗F (t).

Combing the above estimates yields

∂tF (t)+F1(t) ≲ M4+F (t)+M−1
1 F1+MN2

∗F (t)+MF (t) ≲ MN2
∗F (t)+M4. (4.3)

Integrating from t1 to t2 with 1/2 < t1 < t2 < 1 and |t2 − t1| ≤ M−1N−2
∗ and

applying Gronwall gives

F (t2) ≲ F (t1) +M4. (4.4)

Next, by (3.16), we see∫ 1

1/2

F (t) dt =
1

2

∫ 1

1/2

∫
R3

|ωnlin|2 dxdt ≲ M4.

Therefore, by the pigeonhole principle, we see on any time interval in [1/2, 1] of
length M−1N−2

∗ , there exists at least one time t such that F (t) ≲ M4. Thus, for
all time t ∈ [3/4, 1], we obtain

F (t) ≲ M5N2
∗ ≲ N

O(1)
∗ . (4.5)

Then, by the fundamental theorem of calculus together with equations (4.3), (4.4),
and (4.5), we get ∫ 1

3/4

F1(t) dt ≲ N
O(1)
∗ .

Now we conclude the proof by appealing to Proposition 3.2.
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Next, we prove Theorem 1.1.

Proof of Theorem 1.1. We argue by contradiction. First, we rescale T∗ = 1. Sup-
pose

lim sup
t→1+

∥u∥L3,q0 (R3)

(log log log 1
1−t )

c
< ∞,

where c > 0 is a small constant.
Then, for some constant C > 0 we have for 0 < t ≤ 1

∥u∥L3,q0 (R3) ≤ C

(
log log log

(
100 +

1

1− t

))c

.

Then, by Theorem 1.2, we get for j = 0, 1 and for 0 < 1/2 ≤ t ≤ 1

∥∇ju∥L∞(R3) ≲ exp exp exp (MO(1))t−(j+1)/2

≲ exp exp exp

(
log log log

(
100 +

1

1− t

))O(1)

t−(j+1)/2

≤ C(1− t)−1/10.

Similarly, we have

∥∇jω∥L∞(R3) ≤ C(1− t)−1/10.

This implies that u ∈ L2
tL

∞
x contradicting the blow-up criterion by Prodi-

Ladyzhenskaya-Serrin.

Remark 4.2. The constant c appearing in (1.7) depends on the Lorentz parameter
q0. This dependence arises from the constant C0 used in the definition of the

hierarchy Mj := MCj
0 in Section 3. The constant C0 must be chosen sufficiently

large to absorb the implicit constants in the Bernstein and heat kernel estimates for
Lorentz spaces (Lemmas 2.3 and 2.4), which depend on q0. Consequently, as the
exponent in the bound of Theorem 4.1 depends on C0, the resulting power c in the
blow-up criterion also depends on q0.
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Appendix A. Carleman estimates.

Theorem A.1. (General Carleman inequality) Let [t1, t2] be a time interval, and
let u ∈ C∞

c ([t1, t2]×Rd → Rm) be a vector-valued test function solving the backwards
heat equation

Lu = f.

with L the backwards heat operator

L := ∂t +∆.

and let g : [t1, t2]× Rd → R denote the function

F := ∂tg −∆g − |∇g|2.

Then we have the inequality

∂t

∫
Rd

(
|∇u|2 + 1

2
F |u|2

)
eg dx ≥

∫
Rd

(
1

2
(LF )|u|2+2D2g(∇u,∇u)− 1

2
|Lu|2

)
eg dx

for all t ∈ I, where D2g is the bilinear form expressed in coordinates as

D2g(v, w) := (∂i∂jg)vi · wj

with the usual summation conventions. In particular, from the fundamental theorem
of calculus one has∫ t2

t1

∫
Rd

(
1

2
(LF )|u|2 + 2D2g(∇u,∇u)

)
eg dx

≥ 1

2

∫ t2

t1

∫
Rd

|Lu|2eg dx+

∫
Rd

(
|∇u|2 + 1

2
F |u|2

)
eg dx|t=t2

t=t1 .

Theorem A.2. (First Carleman inequality) Let T > 0, 0 < r− < r+, and let A
denote the cylindrical annulus

A := {(t, x) ∈ R× R3 : t ∈ [0, T ]; r− ≤ |x| ≤ r+}.

Let u : A → R3 be a smooth function obeying the differential inequality

|Lu| ≤ C−1
0 T−1|u|+ C

−1/2
0 T−1/2|∇u|

on A. Assume the inequality

r2− ≥ 4C0T.

Then one has∫ T/4

0

∫
10r−≤|x|≤r+/2

(T−1|u|2 + |∇u|2) dxdt ≲ C2
0e

− r−r+
4C0T (X + e2r

2
+/C0TY ),

where

X :=

∫ ∫
A
e2|x|

2/C0T (T−1|u|2 + |∇u|2) dxdt

and

Y :=

∫
r−≤|x|≤r+

|u(0, x)|2 dx.

Theorem A.3. (Second Carleman inequality) Let T, r > 0 and let C denote the
cylindrical region. Assume the inequality

ρ2 ≥ 4000T.
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Then for any

0 < t1 ≤ t0 <
T

1000
one has∫ 2t0

t0

∫
|x|≤ρ/2

(T−1|u|2 + |∇u|2) dxdt ≲ Xe−
ρ2

500T + t
3/2
0 (et0/t1)

O(ρ2/t0)Y,

where

X :=

∫ T

0

∫
|x|≤ρ

(T−1|u|2 + |∇u|2) dxdt

and

Y :=

∫
|x|≤ρ

|u(0, x)|2t−3/2
1 e−|x|2/4t1 dx.
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