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ABSTRACT. In this paper, we prove a quantitative regularity theorem and
blow-up criterion of classical solutions for the three-dimensional Navier-Stokes
equations. By adapting the strategy developed by Tao in [22], we obtain an
explicit blow-up rate in the setting of critical Lorentz spaces L3:90 (R3) with
3 < qo < co. Our results generalize the quantitative regularity theory in criti-
cal Lebesgue spaces L3(R3) in [22] and quantify the qualitative result by Phuc
in [18].

1. Introduction. In this paper, we are interested in giving some quantitative
bounds for solutions of the three-dimensional incompressible Navier-Stokes equa-
tions in critical Lorentz spaces. The Navier-Stokes equations read

u — Au+u-Vu+ Vp =0,
V-u=0,

where u(t,-) : R® — R? denotes the velocity vector field of the fluid and p(t,-) :
R3 — R is the pressure. It is well-known from the seminal paper of Leray [12]
that for any divergence-free vector field uy € L?(R?) there exists at least one weak
solution to the Cauchy problem (1.1). However, it is unknown whether they are
smooth for all positive times and the uniqueness is also still open. The Navier-Stokes
equations (1.1) are endowed with a scaling symmetry:

ux(t, ) == (Nt \x), palt, ) := N2p(\%t, \x) for A\ >0, (1.2)

which gives us some critical (scale-invariant) spaces, for example, L?(R?). A natural
question that we are interested in is that, if we assume that blowing-up solutions
do exist and they blow up at time T > 0, how their critical norms behave and will
they blow up as well at T7*? Besides the simplest critical Lebesgue spaces L3, there
are other critical spaces, such as critical Lorentz spaces L39(R3) with 3 < ¢ < co

(1.1)
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and critical Besov spaces B;;+3/p(R3) with 3 < p,q < oo, etc. In particular, we
have a chain of embeddings

L3(R3) — L*I(R®) — B, 1 T3/7(R®).

In the present paper, we investigate the quantitative estimate of the critical Lorentz
norm L9 (R3), 3 < qg < oo at the potential singularity and the corresponding
blow-up criterion.

Before introducing our main theorems, let us first present some previous results
regarding to the regularity theory and blow-up criterion of the Navier-Stokes equa-
tions. The first result was given by Leray [12], proving that if T* is the maximal
existence time of the solution u, we then necessarily have for any p > 3, there is a
constant C'(p) such that

C(p)
(T* _ t)%(l_%) ’

Later, it was proved by Prodi-Serrin-Ladyzhenskaya (1959-1967) [19, 11, 21] that if
u blows up at T, with 3 < p < oo, then [lul[ Loz (j0,7,)xrs) = 00, where 3/p+2/q = 1.
The endpoint case p = 3 was left open for many years until the remarkable result of
Escauriaza, Seregin, and Sverak [8] in 2003. By analyzing the blow-up profile and
combing the unique continuation with backward uniqueness of the heat equation,
they were able to prove that if u blows up at a finite time 7, then

lull r r3) >

lim sup ||u(t)|| L3 (rs) = oo- (1.3)
t—T*

Later, the blow-up criterion above has been generalized by several authors. On the
one hand, in the qualitative sense, Seregin [20] improved the blow-up criterion (1.3)
by replacing the limit superior with a limit. For the non-endpoint borderline Lorentz
spaces, by applying the backward uniqueness theory as well as an e-regularity cri-
terion, Phuc [18] proved that if a Leray-Hopf weak solutions u blows up at a finite
time T, then for 3 < g < c©

limsup [u(t)| 2.4 gs) = 00. (1.4)
t—T*

There are results in other critical spaces; see, for example, [1, 9, 7].

From the quantitative point of view, in a recent breakthrough work, by estab-
lishing quantitative Carleman inequalities, Tao [22] proved the following slightly
supercritical blow-up norm criterion:

lim sup ICIIATED) = 00, (1.5)
tr (logloglog 71— )e

which is a quantitative version of the L>°L3 regularity criterion (1.3). Barker and
Prange [5] gave a quantitative estimate of the local concentration of L? norm by
using an alternative proof. The same authors also proved a mild supercritical regu-
larity criteria, in which they showed that if a solution blows up, then certain slightly
supercritical Orlicz norm must blow up [4]. Later, Palasek [16] showed that Tao’s
blow-up rate can be improved to (loglog Ti t)c assuming that the solution is axis-
symmetric, and he recently obtained a (loglogloglog ﬁ)c blow-up rate [17] for
the higher dimensional (d > 4) case. There are several other related results [2, 15].

In the setting of Lorentz spaces, there are few quantitative results. Davies and
Koch [6] recently gave a blow-up rate in sub-critical Lorentz spaces, in which they
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showed that if a solution u blows up at finite time 7™, then

C(p,q)

(T* _ t)%(l_%)
To the best of the authors’ knowledge, there is no such quantitative results in the
critical Lorentz case, i.e. when p = 3 in (1.6). As the Lorentz space LP'¢ has the
same scaling properties as the Lebesgue space LP, Tao’s results [22] for L3 open
the door to treat quantitatively the critical Lorentz spaces L39, ¢ > 3, which are
bigger than the usual Lebesgue spaces. The main goal of the present paper is to
obtain new quantitative regularity theorem and blow-up criteria of solutions for the
Navier-Stokes equations in the framework of critical Lorentz spaces L% (R3) for
3 < o < oo. Our main results are stated as follow.

lull Lpa(r3y > for 3<p<oo,1<g<o0. (1.6)

Theorem 1.1. Let (u,p) be a classical solution to the incompressible Navier-Stokes
system (1.1), which blows up at time T, < oo. Then, with a constant ¢ > 0 and
3 < qo < 0

l[ll 2
lim sup La@®) (1.7)

+r- (logloglog ﬁ)c

Theorem 1.2. Let (u,p) be a classical solution to the system (1.1) and 3 < qg < 0.
Assume that

el e 22290 0,7y S M

for some constant M > 2. Then, for 0 <t <T and j = 0,1, the following hold
|VIu| < exp expexp (MO(I))t_%, |VIw| < exp expexp (Mo(l))t_%7
where the vorticity w =V X u.

Remark 1.3. Notice that when gy = 3, our theorem reduces to the case of Tao in
[22].

Remark 1.4. It is not clear whether our results hold in the endpoint case L{°L3:>°.
For other results in such spaces, we refer to [3] and [5] for quantitative results in
local sense and [13] for qualitative result.

Comparing the blow-up criteria (1.7) in Theorem 1.1 with the previous results,
we see that our theorem implies that the necessary condition of blow up (1.5) can
be improved by replacing the L? norm with a smaller L399 (R3) quasi-norm with
3 < qo < oo, answering a question of Tao, see Remark 1.6 in [22]. In particular,
we recover the result (1.5) when qo = 3. Moreover, our result can be seen as a
quantitative version of the blow-up criteria (1.4) proved by Phuc in [18]. Let us
remark that although the blow-up rate (1.6) is better than the one we established
in Theorem 1.1, it is not clear whether their results still hold in the critical case.

The fundamental barrier for the endpoint L3> is the lack of absolute continuity
of the norm. The strategy relies on the property that for v € L9 with qg < oo, the
local norm [|u||3.90 (B(z,r)) tends to zero as r — 0. This allows one to find a scale
where the local Reynolds number is small, initiating the “Epochs of Regularity.”
In L3°°, functions like |z|~! have constant norm on balls of any radius, preventing
the localization arguments required for the quantitative bounds.

The rest of this paper is organized as follows. In Section 2, we introduce some
notation and preliminaries. Furthermore, we prove Hélder’s and Young’s inequali-
ties in the Lorentz setting. In Section 3, we state our main quantitative estimates
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(Propositions 3.1-3.5). We demonstrate how to gather these statements together
to prove our main results (Theorem 1.1 and Theorem 1.2) of this paper in Section
4. More precisely, our strategy is as follows : first, by establishing some pointwise
derivative estimates, bounded total speed and Epoch of regularity (see Proposition

3.1-3.3), we are able to prove that, assuming Hu||L°°L3’“°([O TIxR%) < M is such that
*La :

Ny Pryu(wo, to)| > M~CM) | we create a chain of “bubbles of concentration” (see
Propositions 3.4-3.5). Then, using a similar procedure as in Tao (p.36-p.41 in [22]),
we show the lower bound of Ny (see Theorem 4.1). Once we obtain such lower
bound, we show the first main result (see Theorem 1.2) via a contrapositive argu-
ment, and then the second main result (see Theorem 1.1) is proven by contradiction.
Lastly, we include the Carleman estimates together with auxiliary estimates in the
Appendix.

2. Notation and preliminaries.

2.1. Notation. Throughout the paper we use the following notation. For 1 <
p < 0o, WFP space is the regular Sobolev space. We have Plancherel’s equality,
Ifllz = | fllz2. For any N > 0, we define the Littlewood-Payley projection P<y

P F(€) = o(&/N)f (),

where ¢ is a smooth bump function on the ball B(0,1) with ¢ = 1 on B(0,1/2).
Then, we define

Py = P<y — P<yyo, Py :=1- Py, Py := P<nj2 — P<nya-

Therefore, P<nf = > oo Po-tnf and Psyf = Y 7o, Pornyf. We remark here
that these operators commute with other Fourier multipliers such as A, e'® and
the Leray projector P defined by

P=1+V(-A)'V..
Next, we define the Lorentz space.
Definition 2.1. For a measurable function f : Q — R, we define:
dya(a) = [{z € Q:|f(z)] > a}.

Then, the Lorentz spaces LP9(2) with 1 < p < o0, 1 < ¢ < o0 is the set of all
functions f on © such that the quasinorm || f||zr.q(q) is finite and

o0 a dOé 1/(1 1
Hf||Lm(Q) = <p/ Oéqdf,ﬂ(a)P) ) ||fHva°°(Q) ‘= sup Oédf,ﬂ(a) /P,
0 6] a>0

When we say A < B, it means there is a constant C' > 0 such that A < CB.
The space LP**° is known as the weak LP space and notice that when ¢ = p, we
have || f| zrr() = |fllLr(o) and L9 () C L% () whenever 1 < ¢; < g2 < oo.

2.2. Preliminaries. The next lemma is Holder’s inequality in Lorentz spaces (The-
orem 4.5 in [10]).

Lemma 2.2 (Hélder’s inequality, [10]). Suppose f € L™1(R3), g € L™2(R?)
with 0 < rq,re, 7 < 00, 0 < 51, 582,5 < 00,

1/r=1/r1+1/ry and 1/s=1/s1+1/s9 (2.1)
Then fg € L™*(R3) and

[ fallLrsmsy < C(r1,72, 51, 82) || fllLrer @3y |9l ra-o2 (m3)-
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The next lemma is Young’s convolution inequality in Lorentz spaces, also known
as “O’Neil’s convolution inequality” (Theorem 2.6 of O’Neil’s paper [14]).

Lemma 2.3 (Young’s inequality, [14]). Suppose f € L™*1(R3), g € L™%2(R3)
with 1 < ry,r9,7 < 00, 0 < 81,892,8 < 00,
1/r+1=1/r1+1/ry and 1/s<1/s1+1/s9
Then f* g € L™*(R3) and
1S * gl sy < 3rllfllLren ®eylgllLra oz ma)-
Lemma 2.4 (Sobolev’s inequality, [23]). Suppose 1 < p < 3, then

3p < p(R3) -
191, 5, < CONT Sl

The following lemma is relied on lemma 2.4 in [24], in which the authors gave
a Bernstein inequality for weak LP spaces. We now state a generalized Bernstein
inequality for general Lorentz spaces L' with p > 1,¢ > 1.

Lemma 2.5 (Bernstein inequality). Let a ball B = {£ € R® : |¢] < R} with
0 < R < co. Then there exists a constant C such that for any non-negative integer
J, any couple (p1,p2) with 1 < py < p1 < 00, for any N € (0,00), and any function
f of LP>%2 with 1 < g < oo, whose Fourier transform is in the support of the ball
B(0,N), we have

. 1 1 1 .
V7 | poras sy i= sup (0% Fllporas sy S5 NO 202770 | fl| oz ms), 5 > 0.
al=j

(2.2)
In particular,

, ii3(L_ 1
||vaHLP1 (R:B) 5]‘ N]+3(T’2 Pl)”fHLpg (]R3)' (23)
Proof. From lemma 2.4 in [24], we have
, ii3(L_ 1
V7 fll Lpra(msy S N3G, p1)||f||LP2’°°(R3)a

Hence, by inclusion property of Lorentz spaces LP'! ¢ LP9 C LP>*> for 1 < q < oo,
1 < g1 < 00, we obtain

V7 fll Lo gy < V7 fllperage)
S NG| £ oo )

< N‘j+3(%_ﬁ)||f||LP2w<Jz(]R3)-

O

We state a generalized multiplier theorem for Lorentz spaces as follows.

Lemma 2.6 (Multiplier theorem). Let T, be a Fourier multiplier m(f) =
m(€)f(€) where m(€) is a complex-valued smooth function supported on B(0,N)
satisfying

[VIm(€)| < ANTI

for some positive A and j > 0. Then we have

1 1
[T fll oo mey S AN3Gs p1>||f||Lp2,Q2(R3), (2.4)
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1 1 1 1 3 3 -
where mto < stat 1. Moreover, let D C R” be a subset of R® and Dg/n =

{x € R? : dist(x, D) < R/N} be the R/N -neighbourhood of D, then we have

||Tmf||LP1«Q1 D SANS(éiﬁ)Hf”Lpz,q? Diin
(D) (Dr/N)
+R_50A|D|ﬁiiNS(éii)Hf”[‘pqua(RS), (2.5)

where |D| denotes the volume of set D and 1 < ps < p; < 00, 1 < p3 < pg < 00
such that py > p1.

Proof. Let us first write T, f as a convolution T,,, f = f * K with the kernel
K(z)= [ m(€£)e*™ & %de.
R3
By Young’s inequality in Lorentz spaces (see Lemma 2.3), we have
[T fll Lo ar msy = |f % Kl Lorar 3y < 3pall fllprasaz sy |1 K | Lo (m3),

1 1,1 1 1,1 ; 1o
where ot 1= prodie i and a<ut Applying Plancherel’s theorem, we get

| K(z)]| L2 (msy = [[m(E) || 2 ms) < AN®/2,
On the other hand, by the bound of m(&), we have ||K (z)| poo®s) < AN®. Combin-

2 1—2
ing the two estimates and using interpolation inequality ||K||z» < || K[| ||K| ",
we can conclude that

_1 1 1
| Ton £ | Lo msy S AN p)||f\|Lp2,Q2(R3)§AN3(m p1>||f||Lp2.qz(R3).

Now, we prove the local version estimate (2.5). We have

Tof = . K(z —y)f(y)dy

:/ K(z —y)f(y)dy +/ K(z —y) f(y)dy.
Dr/Nn R/N

For the first term in the right-hand side, applying the global estimate (2.4), we get
that

/ K(-— ) f(s)dy / K(-— ) f()dy 1p()
Dgr/~ Dr/~

LP1:91(D) ’
<AN®Gz 7w
~ P2 P ||f||Lp2,q2(DR/N).

LP1:91 (R3)

For the second term, set IN((z) = K(z)1;;>g/~, by Hélder’s inequality, change of
variable, and Young’s inequality, we have

< |D|1/p1—1/p4

[ KC=wrway

R/N

LP1:491 (D)

/ K(-—9)f(w)dy 1p()
D

c
R/N

LP4>91 (R3)
= |D|1/P1—1/P4 ||I? * f||Lp4,q1 (R3)
<|DMP P K | poa ey | 1l osias oy
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where 14 1/ps = 1/p + 1/p3. We compute ||I~(||Lp,q(R3) to get
~ 1
1K | zas) = IK (1 zrynloages) S B-PANGa =20,
This concludes the proof of (2.5). O

By writing f = 3 P<onf and Pye!AVIif = Ky, x f, where the kernel Ky,
is defined via the Fourier transform I?;({) = go(f/N)e*”g'Q(zf)j, using the local-
ization [¢| ~ N, one can show ||Kn¢|lr S e Nt NI, Then, applying Young’s
inequality in Lorentz spaces (Lemma 2.3), we obtain:

. 2t 1 _ 1
1PN AV flliorar S BN allLre | fllzezon S e 50 NP6 700| £ 1z, (2.6)

~

with p; > pa.
The following heat kernel bounds in Lorentz spaces follows by summing (2.6) over

dyadic frequencies N = 2*. The sum is dominated by the frequency N ~ ¢t~1/2,
j 3 1 1
yielding the factor R Eiﬁ),
4 s _ 1
€4V fll oo oy S5t 2272700 fl| oasan m), (2.7)

with p1 > po.

3. Basic estimates. In this section, we use the notation

M; == M
for all integers j > 0, thus My = M and M1 = M jco. As the following assumption
will be used several times through our our paper, we call it (HP)

< M. (HP)

”uHLfCLZ'“U([tU—T,tO]><R3) =
for some M > Cj.
Proposition 3.1. Let u : [tg — T,to] x R* — R3, p: [to — T,to] x R? = R be a
classical solution to Navier-Stokes that obeys (HP), then
(i) (Pointwise derivative estimates) For any (t,z) € [to—T/2,to] xR3 and N > 0,
we have
Pyu(t,z) = O(MN); VPyu(t,z) = O(MN?); O:Pyu(t,z) = O(M*N?);
(3.1)

similarly, the vorticity w := V X u obeys the bounds

Pyw(t,z) = O(MN?); VPyw(t,z) = O(MN?); OrPyw(t,z) = O(M?N*);
(3.2)

(i) (Bounded total speed) For any interval I in [to — T/2,10], we have
lull 3 e 1 mey S MATM2. (3.3)

Proof. We start with the proof of (i). By (HP) and (2.2), we can obtain the first
two claims of (3.1) and (3.2). After applying the Leray projector to equation (1.1),
we get

Ou—Au+PV- (u®u)=0,
V-u=0.
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Then, by Duhamel’s formula, we obtain
t
u(x,t) = e ug — / )2 (PV - (u®w)) ds. (3.4)
0

Here we see
(V- (w@u)); = 0i(uiuy),
Apply Py to equations (3.4) and we get
| PnAulle S N*M.

Furthermore, by the multiplier theorem and Holder’s inequality (in both Lebesgue
and Lorentz spaces), we obtain

llu®ull /20002 S ||U||ig»qo < M2 (3.5)
And thus by (2.2) (p1=q¢1 =00, j =1, ps = %),
[PNPV - (u@u)|[e S N?|lu® ull 32002 S N3M2. (3.6)

By the triangle inequality, we obtain the third and six claims of (3.1) and (3.2).
Then we prove (ii). Since these estimates are invariant with respect to time trans-
lation and rescaling (adjusting T, to, I, u, b accordingly), without loss of generality,
we assume that I = [0,1] C [to — T/2, %], which implies that [—1,1] C [to — T, to)-
Next, we decompose (u,b) into linear and nonlinear parts. The reason we do this is
that by removing linear components from (u,b), we will have better control in L2
based spaces. Thus, we see

u = w4
where (u!", ") are linear solutions on [—1,1] x R3
u™(z,t) = eTTV2y(z, —1). (3.7)
Then we have
V-l =0,
By assumption (HP), we see
1™ e 00 (1 gy 107 e 3000 (1 oy S M- (3:8)
Thus, on [—1,1] x R3, we have
Dy — Ay 4y Vi 4+ Vp = 0, (3.9)
V -yt = 0. (3.10)

We obtain by using Duhamel’s formula
_ t
u™ (2, 1) = — / =2 (PV - (u®w)) ds. (3.11)
-1

From (HP), u ® u has an L¥%%/% norm of O(M?) and by (2.7),
[ I2PY - (@ w2z < (¢ = 5)"F EE D lu@ ull nanse < (= )7 [ull o0
We conclude a bound for the nonlinear part:

™ ez < M. (3.12)
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By the hypothesis (HP), equations (2.7), and (3.7), we obtain
.

V7 u mHLf"Lg’ql([fl/Q,l]xRS) S M, (3.13)
where j > 0 and 3 < p < 0, qil < % + q% + % Indeed, the constraint arises directly
from Young’s convolution inequality in Lorentz spaces. To bound || u(-, —1)| pr.a1
we view the heat kernel as an operator acting on u(-,—1) € L3%. The indices
must satisfy the scaling relation for the primary exponent p, and the inequality
1/q1 < 1/s+1/qo for the secondary exponent, where s is the secondary exponent of
the heat kernel. Since the heat kernel belongs to Lorentz spaces L™ for convenient
s, this condition ensures the validity of the convolution estimate.

Next, we consider the energy method on the u™™ equation. We do an L? esti-
mate.
1d

1 ey + IV By = [ (T - (o 0) da

Due to the nature of ™" being divergence-free, we see
/(vunlin) . (unlin ® unlin) dr = 0.

Thus,
1d
2dt
_ / (Vunlin) . ('LL ®Qu— unlin ® unlin) dx
R3

||Unhn||2L2(R3) + ||VUHHHH%2(R3)

1 . . .
< S IV o gy + 2l @ — @ w2

Then, integrating on the time interval [—1/2,1] yields

1 1
/ / |Vurin 2 de dt < M* + 4/ lu @ — ™ @ u™|72 gsy dt.
-1/2 JR3 -1/2

Notice that
U U — unlin ® unlin _ ulin QU+ unlin ® ulin. (314)

Then, by hypothesis (HP), (3.8), (3.13) and Hoélder’s inequality,

1
/_1/2 ”u QU — unhn ® unhnH%Z(RS) dt

1
_ /1/2 ”uhn QU+ unhn ® uhn||2L2(]R3) dt

1 1

<[ o ula et [, d
—1/2 —1/2

_ lin 2 nlin lin||2

= [lu ®u”L$L§([71/2,1]><]R3) + [u™™ @ u ||L%L§([71/2,1]><]R3)

lin |2 2
< u ||L§°L§’q1([—l/2,l]><R3)Hu”L%Li’qO([—l/Q,l]><]R3)

nlin (|2 lin||2
+lu ||L§L§’“0([—1/2,1]XR3)”u ||L§°L2'“1([—1/2,1]xR3)

< MY,



10 WEN FENG, JIAO HE AND WEINAN WANG

where we assumed 1/2 =1/q9 + 1/¢1. and 1/¢; < 5/6 + 1/q9, which is equivalent
to ¢1 > 3/2. Thus,

1
/ lu @ u — u™" @ ™2 do dt < M. (3.15)
—1/2 JR3
Combining the above estimates yields
1
/ |Vuin|2 da dt < M. (3.16)
—1/2 JR3

By Sobolev embedding in Lemma 2.4, we see for ¢ > 2

li li
1™ 2 a1 /2,1y xrey S ™ 2282 1/0,11xm3)

SIVU | L2 r2 (2121 x9) (3.17)
< M?.
By Plancherel’s theorem, we get
ZN2||PNUnhn||2L§Lg([—1/2,1]><R3) S MY (3.18)
N

Next, we prove the total speed property. Recall equation (3.11), apply the
Littlewood-Paley projector Py and get

t
PN’U,nlin(.’IJ,t) _ e(t+%)APNunlin(_%) _ / PNe(t—S)A (]P)v . PN(U ® U)) ds.
~1/2
(3.19)

We will have

PN || 1 poe ((0,1)xR3) < MN exp (—N?/20)
o (3.20)
+ NPy (u®u)l L1 poo((—1/2,1] xR3)-

Indeed, by equation (2.6) (p1 = q1 = 00, p2 = 3), we see

1 . .
e(t+§)APNUnlm(*%) < HefNQ/QO(t+%)N”unhn(,
LiLg([0,1]xR3)

< MN exp (—N?/20).

Dl 00

L

Further, by (2.6),

Pyelt=)2 (]P’V - Py(u® u)) ds

—1/2 L}L2*([0,1]xR3)

1 t
5/ ( Ne—N2(t—S)/20 dS) ||15N(u®u)||L§° dt
0

—1/2
SN Py (u@ )| s poo ((—1/2,1)xR2)-
Next, we split
U@ U = it @ ylin 4 gnlin g g lin | lin @ mlin | nlin g mlin, (3.21)
Thus, by equations (3.13), we get (with j = 0,p = 00, g1 = 00)

| Py (u'™ ®Ulin)HLtngO([q/z,ufof) < Jlut ®ulin||L}Lf;°‘°°([71/2,1]><R3) <M (3.22)
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Then, by (2.2), (3.13) and (3.17), we obtain
1P (™™ @ 0™ || 11 g (-1 /2,1 xme) SN2 [0™ @ 0™ L1 poioe (4 /2 1) xm9)
SNV 2 e 0™ o e
<MB3N/2,
Similarly, we get
||]5N(Ulin ® Unlin)HLtngo([f1/2,1]xR3) S MAN'2,

Next, for ™™ @ u™i", we further decompose it into “low-low”, “low-high”, “high-
low” and “high-high”:

yMin & e I + 1y + Ty + Iy, (3.23)
where
Hlfl _ PSNunlin ® PSN’U,HHH, Hlfh — PSNunlin ® ‘P>Numlim7
My = Poyu™ @ Peyu™, My = Ponu™™ @ Poyu.

By Holder’s inequality, we have

Il Lo (e 1/2yx83) S IP<N@™ ™12 foo (121 /2,1] xR3)
T JFHiL.—l||L}L§([71/2,1]xR3) . (3.24)
S IP<nt™™ || 2 poe (o1 /2,17 x| P> N U™ | 12 12 (21 /2,1 xR2)
IMh—nll L2 L1 (=1/2,1)xR3) S ||P>NunlinH%m([—yz,uxR3)~
Hence, we get
| Py (u™ & unlin)||L}Lg°([71/271]><]R3)
S M-l zinee (=12, xr8) + IMhi—p 4+ il 23 poo (= 12,11 xR3)
+ 1Mn—nll L oo (=1/2,1) xR3)
STl ny oo (1 /2,1 xke) + NP2 + Tl 2 22 (-1 /2,1) xR2)
+ N2 Th | pr rr (o1 /2,1) xR
S ||P§Nunhn||2L§Lgo([—1/2,1]xR3)
+ N3/2||P§Nunhn||L§L;o([—1/z,1]xR3)||P>Nunhn||L$Lg([—1/2,1]xRS)
+ N2 Pon ™[22 1 (11 /2,1) k9
S ”PSNU‘HHHHingO([fl/Q,l]x]I@) + N3HP>Nun1inHifLi([fl/Zl]x]R@")‘
where we used triangle inequality in the first inequality, Bernstein inequality in the

second inequality, and Young’s inequality

1 1 ;
ab < 5(12 + §b2 for a = || P<nu™™ || 13 oo (- 1/2,1xm%)

and b = N3/2||P§N’U/nlin||L?L?([_1/271]XR3) in the forth inequality.
Thus, combining all the above estimates and recalling equations (3.20) yield

||PNUn“n||L}Lg°([o,1]xRS) SMENTV2 4 N1 (”PSNUHHH||%%’L;°([—1/2,1]><R3)

3 nlin |2
+N?[|Psnu HL%L%([fl/Zl]xR?’))'
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Then, by equation (2.2) and Cauchy-Schwarz, we get

lin |2 7
IP<nu™™ o pee (1 jaapxrey = | D P (e pee 21 2,1)xme)
N'<N
2
< Z N/3/2HPN/unhn||L§Lg([_1/2,1]><R3)
N'<N
1/2 5/2 lin |2
S DT NS N P 2 )
N'<N N'<N
§N1/2 Z N/S/z||PN/Unlin||i%Li([71/2’1]XRS)’
N'<N

where N’ ranges over powers of two. Next, by Plancherel, we see

nlin |2 nlin |2
| P~ nu ‘|L$Lg([—1/2,1]xR3) = || Z Py HL%L;c([-1/2,1]xR3)
NN . (3.25)
S Z (| P ||L§Lg([—1/2,1]xR3)'
N'>N

Thus, after summing in N and applying the triangle inequality together with equa-
tion (3.18), we have

[Po1u™ | 11 2o (0,1] xR

5 M32N71/2 + ZNl/Q Z N/5/2HPN/U‘HHH”ifLi([fl/Q,l]><]R3)
N N N'<N

+D N D NP oy
N N'<N

i
S MP Z N"||Pyru” m||2L§Lg([—1/2,1]xR3)
N'<N

< M*.

By (3.8) and (2.2), We have

||Uhn\|LgL;c([0,1]xR3) + ||P<1Unlin||LgL;o([o,1]XR3) <M, (3.26)

and thus
| 3 poe (0,1 xR3) S M. (3.27)
This concludes the proof. O

Proposition 3.2. (Epochs of regularity) Let u,b : [to — T,to] x R® — R3, p :
[to — T, to] x R® — R be a classical solution to the Navier-Stokes equation satisfying
(HP). Then for any interval I in [to — T/2,to], there is a subinterval I' C I with
|I'| 2 M~8|1| such that

IVl poo poo (1 xmay S MOW|T|~ 0D/ (3.28)
and

Hviw”Lf’L;O(I’fo') < MOW|1=6+2)/2
fori=0,1.



QUANTITATIVE BOUNDS IN LORENTZ SPACES 13

Proof. By rescaling and time translation, we may assume without loss of generality
that I =[0,1] and [—1,1] C [to — T, to]. We define the enstrophy-type quantity

1 .
£t) =4 /R IV (4, 2) 2 da

nlin- gatisfies equation

atunlin _ Aunhn +u-Vu—+ Vp = 0. (329)

where Vu

For £(t), we are able to find t; € [0, 3] such that £(t;) < M*. For t € [t1,t; +
CM~8] = [r(0),7(1)], where 7(s) := t; + scM~% and small ¢ > 0, a continuity
argument yields

(1

/ : | V2™ 2 do dt < M.

7(0) JR3
(more details about this can be found in [22] on page 13). By fundamental theorem
of calculus, we have

IVull s L2 (1 (0) (V1 xR3) + V20l 22 L2 (70, (1)) xRE) S M2 (3.30)
By the Gagliardo-Nirenberg inequality, we obtain
[ PP e A v [ (3.31)
In particular, we have
[ £s poe (1 (0), (1) xRE) S M, [ull L8 £oe (r(0), (1)) xRE) S M.

Hence, by equations (3.13) and (3.30) and Sobolev embedding, we get
V™™ | 22 L6 ((r (o) r (1) xR2) S M2, IVullLzrs (r o) rxrsy S M2 (3.32)

Now we do iteration to obtain higher regularity estimates. Assuming ¢ € [7(0.1),
7(1)], we have

t

u(t) = e OB u(r(0)) - [ IR (us ) ds. (3.33)
7(0)

Notice that by heat kernel estimates, we see

e R O [ (e e A= P

and by (2.7),

e T2 u(r(0)) 1 S (¢ = 7(0)) 2 [u(r(0) 20 S M.
Since

(7(0.1) = 7(0)) 72 < (¢ = 7(0) 72 < (7(1) = 7(0)) "2 S M*™.

Therefore, by triangle inequality
t

lu()l| oo msy < €72 u(r(0) | e ) + /

(

[e"APY - (u @ u) || 2 (m2) ds
0)

t
< M5+ /(0) (t = 8) 712 |lu(s)|[7 0 oy s

Then, by Young’s convolution inequality, we get

_1
[ll 28 Loo (fr(0.1),m (1)) xR3) S MP + [[t72 ||L§/7||U\|%;1Lgc SMP+ MY S M.
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Repeating the above process for ¢ € [7(0.2), 7(1)] yields

t

[u(t) | pe sy S MP + /(0 1)(t — 5) "2 u(s)||7 0 moy ds-

And thus by Holder’s inequality, we have

l[ull oo Loo (jr(0.2),r (1)) xRE) S M. (3.34)

Next, we want to show that

IVl £se Loe ((r (0.4),7 (1)) x2) S MOW.
Indeed, from the mild formulation, we differentiate both sides of equation (3.33)
and get for ¢ € [7(0.3),7(1)]

t
Vu(t) = Velt=TO2) 2 (7(0.2)) — / Vell=)APY . (u® u) ds. (3.35)
7(0.2)

Thus we claim that

[Vu(t)| oo ms)

< [[Velt=TODBy(2(0.2)) | 1 gy + /

7(0.

t
< MOW +/ (t=5) "IV - (w@u)(s)l| g (ro) ds.
7(0.2)

t

Ve DAPY . (v ® u) ds|| s (r3)
2)

Indeed, by (2.7) (j = 1, d = 3, po = 3, qo > 3), and 7(0.3) = t; + 0.3cM 8,
7(0.2) = t1 + 0.2cM S,

Vel =TOD 20 (r(0.2)) || Lo sy < (8 = 7(0.2)) 7 [w(7(0.2)) | o.ao (R?) S MOW.
By (27) (] = 1, d= 3, P2 = 6, qz = 6)7

t
/(0 . [Ve=9APV . (u® u) | oo (m3) ds

t
< / (t— )3V - (u® u)(s) | o ey ds.
7(0.2)

By (3.32), (3.34), Young’s convolution inequality in time ¢, and Holder’s inequality
in space x,

t
|| / o VT @O sgen sz
7(0.2

< ||1573/4||Lg/3 [V (u®u)llL2Ls (1r(0.2),7(1)] xR?)
Sl Vall g2 s (170.2),r (1)) xR3)
S ||VU||L$L<;; [T(O),T(l)]XR3)||u||Lf°Lg°([T(O.2),T(1)]><R3)
< MO
Hence, one has
IVt 3 1o (1 (0.3),m (1)) xr3) S MOD. (3.36)
By (3.34), (3.36), Leibniz and Hélder’s inequality,

IV (u @ u)ll Lo (1(0.3),7 (1)) xR3) S MOW,
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Similarly by (2.7)(j = 1, p1 = ¢1 = p2 = g2 = ), for t € [7(0.4),7(1)],

”Vu(t)”Lg"(R?’) < ||ve(t_7—(0'3))A’U/(T(0.3))||L;o(]R3)

t
+| / Vel mIAPY - (u @ u) ds|| o= ms)
7(0.3)
t
< Mo 4 / (t— 5)71/2”v (u® u)(5)||L;°(R3) ds.
7(0.3)

Then, by Young’s convolution inequality in time ¢ and Hoélder’s inequality,
IVt oo Loo (1r0.4), (11 xRE) S MO,
By the vorticity equation,
Ow =Aw — (u-V)w+ (w- V)u,
we have,
dw = Aw + O(MOD)(|w| + |Vw]|)

on [r(0.4),7(1)] x R? and w = O(M°M) on this slab. By standard parabolic
estimates, we obtain

VWl Leo Loo ([ (0.5),m (1)) xRy S MOD.

Setting I' = [7(0.5), 7(1)], we obtain the desired conclusion. O

Proposition 3.3. (Back propagation) Let u : [tg — T,to] x R* — R3, p : [t —
T,to] x R3 — R be a classical solution to Navier-Stokes that obeys (HP) and let
(t1,21) € [to — T/2,t0] x R® and Ny > MsT=1/2 be such that

| Py, u(ty, z1)| > M7 N (3.37)
Then there exists (tz,x2) € [to — T/2,t1] x R® and Ny € [My ' Ny, MaNy| such that

M;INT2 <t —ty < MyN; 2 (3.38)

and
lzo — 21| < MzN;* (3.39)

and
| Pnyu(ta, z0)| > M; Ny, (3.40)

Proof. Following [22], we renormalize N7 = 1 and choose ¢; = 0 so that tg — T <
~T/2 < —M2/2. In particular, [-2M3,0] C [to — T,to]. Then by our assumption
(3.37), we see

|Pru(0, 1) > Mt (3.41)
‘We now prove the claim by contradiction, i.e., we assume

—1
| Pl oo e (et vt Bty < Mo N (3.42)

for all My L< N < M. Then, by fundamental theorem of calculus in time, we
enlarge the time interval so that

| Py ull poe 120 (= My ,0)x B(a1,0a)) < M7 "N (3.43)
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Step 1. Suppose N > M2_17 then by Duhamel, we get

| Prnu(t) ||L2/2"‘0/2(B(x1,M4))

< ||e(t+2M3)APNu(—2M3)||Li/2«‘10/2(B(z1,M4))

RN (3.44)
t—s
+ /_2M3 e PNPV - (u® u)||Li/2’q0/2(B(z1,M4)) ds

:Il +127

where ¢t € [—-M3,0]. By (2.6) with py = po = 3, ¢1 = ¢ = qo, j = 0, and
—2M3 < —t — 2M3 < —M3 and (HP), we see

I = ||e(t+2M3)APNU(—2M3) HLi/Z'qO/?(B(ml,MQ)

< ||]lB(9c1,M4)”Lif‘m(Rz)||€(t+2M3)APNU(_2M3)”Li’qO(RS)
_ N2(t+2M3)
S Mye 20 ||u(_2M3)||L§~“0(R3)
N2 Mg
,SMM4€7 20

By (2.6) with p1 = p2 =3/2, ¢1 = g2 = q0/2, and j = 1, we obtain

t
I, = / He(tfs)APNPV . (U, ® U)||L3/2,q0/2(R3) ds
—2M; 5

t _ N2%(t—s)
S N @ )l armaora gy d

—2M3
t _ N2%(t—s) 9
5 Ne 20 | ’U’HL&“O(R:&) dS
—2M; @
N2(t+2M3)
2 n7—1 _ NT(t42M3)
<SMAN"Y1— ey

< MANTL
Thus, combining the estimates of I; and I above yields

2 M.
”PNU(t)||L°°L3/2’“0/2(B(a;1 M) < MM4674NQQ—13 + M2N1 < M2N1L, (3.45)

Hence in the range N > M, ',

| Prvu(t) < M?NTL (3.46)

”L?"Lim’q(’/z([—MsmXB(zl,M4)) ~

1/2

Step 2. Suppose N > M, */“, then by Duhamel, we get

HPNU(t)||Liv“0/2(3(11)M4/2))
(t+2M3)A _
<Jle 22 Pnu( 2M3)||L;vq0/2(3(m1,M4/2)) (3.47)
! (t—s)A
+/M3 He PNIPV‘(U®U)HLi,qO/Q(B(thAI/Q)) dS,
where t € [-M3/2,0]. We apply Hoélder’s inequality, (HP), and (2.6) and obtain
a2

||e(t+2M3)APNU(—2M3)||Li.’ﬂo/2(B(x1,M4/2)) S MMGem VM0, (3.48)

Then, we apply our multiplier theorem and obtain for the range N > M, Y 2,

Inr—2
||PNu(t)||LtOOL}p7qO/2([*M3/2,0]XB(wl,M4/2)) 5 M°N . (349)
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Step 3. Suppose Mz_l/3 <NKL M21/3.

||PNu(t>||Li'q0/2(B(m1,M4/4))
< HQ(HQMS)APNU(*MM?)||L§’q0/2(13(x1,M4/4)) (3.50)

t
(t—$)A _
- /_21\/13 Ie PNPV - (u@ u)||Li’“0/2(B(x1,M4/4)) ds,

where t € [—M3/3,0]. Similar to equation (3.48) and by (2.5) (p1 = 2,p2 = 1,q1 =
g2 = %), we obtain

1PNl e p20072 gy .01 B o 21 00)

< M 4 NY2| Py (u(s) @ us)) (3.51)

||L;?°Li:“0/2[—M3/2,o] x B(w1,M4/3)"

We split Py (u(s) @ u(s)) into “low-high”, “high-low”, and “high-high” terms, that
is,

Py(u®u) =mp_y + m—p + Then,

where
Thet= > Pn(Pnju® Ponjioow),
N{~N
T _h = Z Py (P<n/i00 ® Pyyu)
N{~N
Thn = Py Z Pniu® Pyyu.
N{~N,>N

Here, the low-low term II;_; vanishes, because we have supp (PS N7 /100U - P<ny /100“)
C {|¢] < N{/50}, by the convolution formula for the Fourier transform. Since the
Fourier support of Py is contained in an annulus {|¢| ~ N}}, which is disjoint from
{€] < N{/50}, so we have II;_; = 0.

Notice that in both 7;_; and 7}, we have O(1) terms of the “high-low” form
or the “low-high” form, so we only need to treat the term inside the sum. We do
here the estimate for m;,_;, the rest follows similarly. By triangle inequality, (3.46)
and pointwise derivative estimate (3.1), we have

1P<wv/100ll e p27290/2 1 nsy o1 B 1100

o0

< Z PZ*"N/lOOUHL?oLi/Z,qoﬂ
k=0

o)
< Z ||P2—kN/100U||L?Lg/mo/z

k=0
100 0
< Z HPQ*’CN/loou”L§0L3/2v‘10/2 + Z ||P2*’CN/1OO'U'”L{ooLz/?’“lo/?
k=0 k=100 )
100 k [e’e) —k
2%100 27FN
<N M2 M
SO M4 Y Mo
k=0 k=100

< M?N~L
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For the high-low term, by (2.5) and (2.2), we see

| Pn (Pyyu® Penjro0w)ll 1oz gy, 0, s

<1 Pvyu @ Penyrooull proorz gy, ar, o)+ My

S HPN{“”L;" ”PSN/NOU||Li'“°/23(w17M4/2) + M4_40
< My NN7Y Penjrooull 32002
<SM3MTINTL

For the “high-high” term, by (3.49),

(z1,M4/2)

I:)N Z PN{’U@PNéu

/N !
Ny~Ny2N LY99/2 By My /3)

< Z [1Pnu® Pygull 1a/2 + M
N{~N{>N 4

S Y IPwjulpreosl Pryullpe + M7
N|{~N4>N
S Y ME)TMIN
N|{~N,>N
SMEMTt YT ()
N{>N
<SM3MINTL
Gathering the estimates above, we conclude that for frequency M, 1/3 <N M21 / 3,

|Pyul| a0 <SMEMTINTY2, (3.52)
L Ly 2 ([~Ms3/4,0]x B(x1,Ma/4))
‘We see that all the estimates above we obtained in step 1-3 hold in the time interval

[—%, 0], so let us apply Duhamel’s formula on this interval to get that

Mt < | Pru(0,2y))|

Mz 0 ~
S eTAPlu(—%ﬂ(m) + / 1, €7V - Pr(u(s) @ u(s)|(21) ds

T

0
Mg ¢/ ~
<e ma M +/ e2 (|| Pr(u(s) @u(s))(- + M) ds
S ot [y o (PO SN0+ )
where we used Bernstein’s inequality (2.6) (p1 = g1 = 00, p2 = 3, ¢2 = qo) and (HP)
for the first term and Bernstein’s inequality (2.6) (p1 = ¢1 = 00, p2 = 1,2 = %) and
local version of multiplier estimate (2.5) (p1 = ¢1 = 00,p2 = g2 = 1,p3 = 3,43 = qo)
for the second term. We see that the factor e*%%Mg on the right-hand side of
the inequality above is negligible compared to the integral term, so that by the
pigeonhole principle, for some s € [—%, 0], we have

Myt S |IPu(uls) @ u(s)) ()

” 1,90 .
L, ? (B(z1,M1))

We fix this s and split P;(u(s) ® u(s)) into three sum terms as in the step 3. For
“high-low” term and “low-high” term, by local version of the multiplier theorem
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(2.5) and Hélder inequality (2.1) we have

Py (P P
[[1P1(Pyyu(s) ® P<1/100u(s)) ()]l 2 Bt

~ HPN/U( )HLi‘qO(B(IhQMl))HPSl/lOOU( >||L2’“0(B(m1}2M1)) +M;5O

< || Py + M0
S Nlu(s)llLi,%o(B(MMl)) 1

< M3Mf1N{_1/2M3Mf1 —&—MfSO
< MSM?

| P<1/100u(s )||

\o

2 B(11,2M1))

where we used (3.52) (notice that Ny = N > M2_1/3). For the high-high term,
> I1P(Pyyu(s) @ Pgu(s) () s,

Ni~N321 2(B o
= P P 4 P ;
Z . [ PL(Pyyu(s) ® NZU(S))()H 1,90 (B(e1,M1))
1SN{~Nj<M,
Py (Py: P '
_ y |21 (Prvyus) @ Prgu() Ol vsp
N{~NéZM2
< Py P,
< > y [ Nlu(s)”Li'qTO(B(zl,2M1))” N u(s)) | 2% st
1SN{~N;SM,
D PNl e ey onny IPNEHE 37200 ey anay)y
N{~NjZ M, ?

(by Hoélder’s inequality)
< MOM? + MPM, 13 (by equations (3.52) and (3.46))
< MSMR
Gathering all the estimates above we obtain
Myt S MM,
which gives a contradiction. O

Proposition 3.4. (Iterated back propagation, [22]) Let x € R? and Ny > 0 be such
that

|PNOU(t1,.’E1)| 2 Mleo.
Then for every M4N* < Ty < M;'T, there exists (t1,71) € [to—T, tO—Mngl] X
3 and Ny, = O(l) 1/2 such that
xr1 = X9+ O( 1)T1/2) ‘PNlu(tl,l‘l” > Mlel.

Proposition 3.5. (Annuli of regularity) Let u : [to — T,to] x R® — R?, p: [to —
T,to] x R® — R be a classical solution to Navier-Stokes that obeys (HP). If 0 <
T' < T)/2, zo € R3, and Ry > (T")*/?, then there exists a scale

Ry < R <exp (M, (1))R
such that on the region

Q:={(t,x) € [to —T',tg] x R® : R < |& — x| < MgR}
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we have
i o) G ; o L
||V u”LtOOLgo(Q) 5 MG (1)|TI| (+1)/27 ||V wHLf"Lf(Q) 5 MG (1)‘T/| (i+2)/2
fori=0,1.
Before proving the proposition above, let us give some useful lemmas.

Lemma 3.6. Let A, Ry > 0 and Ag >> A. Assume that fRS x)dx < A, then we
can find a scale A100R0 < R < exp(A{°°) Ry such that

f(x)de < AG'O,
Ir
where T = {x: A;"°R < |z| < AR).
Proof. The main idea is by the pigeonhole principle, so let us suppose that for

every scale R, we have fIR fdxz > Ag 10 then we give proof by contradiction. Let
us construct a sequence of R,, as follows:

Ri = ARy, Ry,=A2°Ry, ---, R,=A""Ry <exp(Ai%)Ry,
we thus obtain a sequence of annulus disjoint
Tr, = {z: APRy < |z| < AY'°Ry},
R, = {2 ARy < || < AZ°Ry},

IR,,L _ {ZL‘ . A(ISOOnflORO S ‘CL‘| S AéOO"HORO}.

On one hand, we have A%"Ry < exp(A°°)Ry, so that n has a upper bound
100 100
n < ﬁms)‘ Set ny = {W(AMJ where || means the integer closest to z.

Summing the integrals together up to ng, we get that

Z x)dx > noA 0> As.

IRk

On the other hand, as these annulus are disjoint, by the assumption ng flx)dz < A,
we have

Z fdx</f Ydr < A << Ag.

So the lemma is proved. O

Notice that in order to prove Proposition 3.5, the estimate that we obtained
previously for the linear component (see (3.13)) is not sufficient. The following
Lemma is devoted to a precise estimate of the linear component «'™, which is the
first step of the proof of Proposition 3.5.

Lemma 3.7. Assume that u : [to — T, to] >< R3 — R? is a classical solution to

Nawier-Stokes that obeys (HP). If 0 < T' < L, 29 € R® and Ry > V/T', then there
exists a time t; € [~ ,tg — T'] and a scale
MR, < R < exp (MEYRy) (3.53)

such that for j = 0,1

sup sup |VIu'™(t,2)? < Mg and  sup sup |VIW"(t,2) > < Mg 3,
1<IS1T8, 1 <tS1Ty8,
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where Typep = {a Mg*R < |z| < MFR}Y and k € N.

Proof. By rescaling, we may assume that [to — T”,t0] = [0,1]. As 0 < T’ < %, we

have [—1,1] C [to — T,t0]. Recalling the previous bound for the linear part (see

(3.13))

IV9 ™o o jzgpeny S M, with j20, 3<pSoo, - <ot
Lo ’ ~ @~ p q 3

and by choosing p = ¢1 = 3, we can find that there exists a time ¢; € [-1/2,0] such

that

/ |VIiuln (ty, z) 3 de < M3, forall j>0. (3.54)
]RS

Fixing this ¢1, by Lemma 3.6, we are able to find a scale Mg% < R < exp (MGO(U)
such that

/ |VIuln(ty, )3 de < Mg ', forall j >0.
ZM610R
In particular, we have

”ulin(tl’-)H%ﬂ,s(zMéoR) < Mﬁilo and ||W1in(t1a')H%VLS(IM(%OR) < M6—10

Let us now fix this R and propagate the above estimate to [t1,1]. By Sobolev’s
inequality, we obtain that

sup [V (t1,0)] S Mg and  sup [VIw™ (11, 2)| S My

IMgR 1

for j = 0,1. As we have 9,V/u"™ = AV/¢"™ and 9,Viwli" = AVIw!® so we can
solve the linear heat equation with initial data at time ¢;, which implies that

sup sup |[Viu'™(t,2)| S Mg? and  sup sup |VIu'™(t, )] < Mg?
t1<t<1Z t1<t<1T

9
Mg R

MER MER

for j = 0,1. The lemma is proved. O
The following lemma gives an estimate of nonlinear part «™™* with localiza-

tion. The strategy is to introduce a time-dependent cut-off function and by energy

method, we are able to show that nonlinear part is bounded locally in some proper

annuli depending on time. To do this, we first introduce two time-dependent radii

t t
R(0)i= RACo [ (Mt lu()z)ds, Rolt) = Re=Co [ (Mat]uls)] ) ds
t1 t1
with
R_ € [Mi®R,2M;®R]; R, € [M§R/2, MER],

where R is the same scale in Lemma 3.7. With R_(¢) and R (t), we define the
following time-dependent cut-off function

0(z,t) := max{min{Ms, |z| — R_(t), R4+ (t) — |=|},0}. (3.55)

Notice that 6(t) is equal to Mg for z € {R_(t) + Mg < |z| < R4 (t) — Mg} and the
support of @ is the annulus {R_(t) < || < Ry (t)} with R_(t) € [M ®R,3M; ®R]
and Ry (t) € [M§R/3, MSR]. Indeed, by the choice of R in Lemma 3.7, we have

R_(t) < R_ 4+ CoMg(t —t,) + CoM*(t — ;)" < R_ + M;8R < 3M; 5R.
In particular, we have [R_(t), Ry (t)] C [Mg ®R, M§R] C [Mg '°R, M{°R] .
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Lemma 3.8. For t € [t1,1], we have the following estimate for the enstrophy
localization

/ |wnli“|29(t,x) dx < Mgz,
R3

where 0 is defined in (3.55). Moreover,
1
/ |V (t, ) |20(t, x)dxdt < Mg 2.
t1 R3

Proof. Let us decompose the vorticity w := w'™ 4+ w"i* = V x 4/ 4+ ¥ x ynlin,
Obviously, the linear part solves the heat equation 9,w"™ — Aw'™ = 0 and thus the
nonlinear parts satisfy

8twnlin _ Awnlin = —u-Vw+w-Vu. (356)

In order to derive the estimate for w™i", we first recall the previous bound for the

nonlinear part of the velocity, f711/2 Jgs [Vuri 2 da dt S M* (see (3.16)) and using

the same time ¢; € [—1,0] obtained in the proof of Lemma 3.7, we have

|Vurlin(ty, z) 2 de < M2
R3

As M << Mg, we get that

/ Va4, 2)|2 d S Mg,
My '°R<|z|<MIOR

where R satisfies the same scale MRy < R < exp (MGO(DRO). To simplify the
computation, we define the enstrophy localization by E(t), i.e.,

1 .
E(t) = 3 s W™ (2, )20 (t, ) d.

Then, from the construction of the cut-off function 0(x,t), we have

1 .
E(ty) = 3 /R3 \w“h“(tl,xﬂz@(fl,x) dx

5 MG/ |wnlin(t17l‘)|2 dx
Mg "R<|z|<MI°R
< Mg?
From the vorticity equation (3.56) and integration by parts, we obtain
OE(t) = —F1(t) + Fo(t) + F3(t) + Fa(t) + F5(t) + Fs(t),

where

Fi(t) = [ 1V (ta)Polt,)da,

Rult) = =5 [ 0o e

Ri(t) = 5 [ o™t Pa0( )

Fa(t) = % /]R ) Pu(t,2) - VO, ),

Fy(t) = — / Wt ) - V)0, 7)da,
RS
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Fs(t) = /3 Wi (Wl 7)Y (¢ x)da,
-
Fr(t) = /3 Wi (nlin 7)ol g (¢, x)de,
-
Fy(t) = /3 Wi (I )i (¢, 2)da,
R

Fy(t) = -/R3 wnlin L (i 7))y ming (¢, 2) .

‘We notice that
00(t, x) = —Co(Mg? + ||ul| L @3))|VO(t, z))|
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Thus, F» > 0. Next, the estimates of F5(¢) and Fy follow exactly the same estimates

as in [22] and thus
Fy(t) < Cy'Fa(t), /1 |F5(t)| dt < Mg*°.
t
Furthermore, by the hypothesis (HP) and eéuation (3.13), we get
Fy(t) < E(t) + /R - Ve 20t 2) de < B(t) + M2,

Similarly, we have
Fr(t) < E(t),  Fo(t) S E(t) + Mg™.

and by Lemma 3.7, we see

Fy(t) < E(t) + Fio(),
where

Fio(t) = Mg? / |Vl da
R3
with .
[Fio(t)| dt < Mg >

The estimate of Fy will be exac‘ﬁy like Tao and we see

Fs(t) = Fo1(t) + Fea(t),
where
Fou(t) S 5 F1(0) + O(BY)Fi(1) + Mg + EX(1)F (1),

and
Foo(t) S E(t) + Cy M Fa(t).

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)

(3.63)

Thus, combining the above estimates in equations (3.57), (3.58), (3.59), (3.60),

(3.62), and (3.63) yields

OE(t) + Fy(t) + Fo(t) < F3(t) + E(t) + Mg + My ' Fa(t) + %Fl(t)
+ O(E)Y2Fy(t) + Mg + EX(t)Fy(t) + Fio(t)

and thus
OE(t) + Fi(t) + F»(t)

< F3(t) + E(t) + Mg 2 4+ O(EY?)Fy(t) + Mg + E*(t)Fy(t) + Fio(t)
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Finally, by equations (3.57) and (3.61) and continuity argument, we get for ¢; <
t<1
E(t) < Mg *

and
1

1
Fy(t)dt = / / Ve (¢, ) POt ) dadt < M2
t1 t1 JR3
which ends the proof of Lemma. O

With the estimates of the vorticity, we are able to show the estimates of the
velocity in Proposition 3.5.

Proof of Proposition 3.5. Using the same Whitney decomposition argument as in
[22] and combing the results in Lemma 3.8, we have the estimates of the velocity

sup / |Vt (¢, 2)|2dadt < Mg 2
z

t1<t<1

/ / |V2™m (¢, 2) Pdadt < Mg 2,
MGR

where we recall the definition of Zyrp = {2 : Mg*R < |z| < MFR} and k € N.

Then, from the Gagliardo-Nirenberg inequality for [|[u™"|| Lo and Hélder inequality,
we have

e
Mg R

and

IllIl 1/2
I\ i e

unlin ) < vunhn 1/2
I HL;%Lgo([tl,uszgR) S HH 2 Cl

< ||v n11n||1/2

in1/2
Lo L2 ([t 1] T ‘vZunhnH /

wgn) PRI (5T )

<M.
Combining with the estimates of the linear part 4™ in Lemma 3.7, we get that

—2
||U||L§L;°([t171]szgR) S Mg~

Notice that L{LS° are sub-critical regularity estimate, so by using the same argu-
ment as in (iii), as well as the local version of multiplier theorem (see (2.5)), we can
obtain higher regularity
—2
Hu”Lngo([tl,l]xIMéR) S Mg
Then we fix the time interval but shrink the space interatively by (2.5) and obtain
—2
||u||L?OLgO([t171]XIMgR) fs MG .
Repeat the third step in (iii), it follows
—2 —2
HVUHL;‘L;Q([tl,l]xIMGgR) S Mg e, ||VU||L§°Lg°([t1,1]x{M6R§|m\§2MaR}) S Mg~

Using vorticity’s equation, we get

V|| 2o poo (t1,1)x {R< ol <Me RY) S Mg 2.
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4. Proofs of Theorems 1.1, 1.2, and 4.1. In this section, we prove our main
theorems. We start with the proof of Theorem 4.1 and apply it to prove Theorems
1.2 and 1.1.

Theorem 4.1. Assume that ty,T,u,p, M obey the hypotheses of Propositions 3.1,
3.2-8.5 and that there exists xo € R® and Ny > 0 such that

|PNOu(t0,x0)| Z Mleo.

Then,
TNZ < exp(exp(exp(MSM))).

Proof of Theorem 4.1. The proof is by contradiction and similar to [22]. The idea
is to apply the quantitative version of the Carleman estimates from [8] (see A.1,
A.2; and A.3), which requires Propostion 3.2 (epochs of regularity) and Proposition
3.5 (annuli of regularity) to provide good quantitative estimates. After summing
the disjoint scales, we will obtain a contradiction to (HP). O

Proof of Theorem 4.1. We assume for the sake of contradiction that
TNg > exp(exp(exp(M))))

for a sufficiently large constant C. We normalize Ny = 1 and ty = 0. By Proposition
3.4 (Iterated back propagation), we can construct a sequence of scales and times
(ty, v, Ni) for k =0,..., K with K ~ M§, such that

\PNku(tk,xkﬂ > Ml_lNk.

These “bubbles” of concentration are separated by large time intervals. Specifically,
we can ensure the scales Ny are sufficiently separated. Between these concentration
events, we apply Proposition 3.5 (Annuli of regularity). For each k, there exists
a large annulus € in spacetime around (t;,xy) where the solution (u,w) and its
derivatives are bounded by MGO () We then define a test function g localized to
these annuli and apply the Carleman inequalities (Theorem A.2 and A.3). The
Carleman estimates quantify the unique continuation property: since the solution
is small (regular) in the annuli Qy, it must be small everywhere in the associated
backward heat kernel standard deviation. Specifically, the quantitative Carleman
inequalities imply that the mass of the solution decaying from time t;_; to tj is
controlled by the mass in the regular annulus plus a double exponentially small
error term. By iterating this K times, the upper bound on the solution at the
bubble (tx,zx) becomes smaller than the lower bound M, !Nk provided by the
back propagation, yielding the contradiction. The dependence on qo enters via
the constants M;, but the double exponential structure arises from the Carleman
weights. O

After we prove Theorem 4.1, we are ready to prove Theorem 1.1 and Theorem
1.2.

Proof of Theorem 1.2. By rescaling, it suffices to prove the result when ¢t = 1, so
we have T' > 1. Without loss of generality, we assume that M > Cj, so Theorem
4.1 implies that, for N > N, := exp(exp(exp(M7)))

| Prvull oo poo(1/2,1)xre) < M7 'N. (4.1)
On [1/2,1] x R3, we split u = u'™ + u™" where u! is the linear solution

ulin = etAu(O)
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and u™™ := 4 — u!"™ is the nonlinear component, and similarly, we split w = w'™ +
nlin

w™™ From the standard heat kernel bound (2.7) in Lorentz spaces and hypothesis
(HP), we have

IVIu™| oo 2o (1 /2,1y xm8) S M,
where j > 0and 3 <p < oo, 1/q1 < 1/p+1/q0 + 2/3. In particular, we have
||Vjuhn||L§°L?;([1/2,1]xR3) SM  and ||ijhn||L;>°L?;([1/2,1]xR3) SM (4.2)
for all j > 0 and 3 < p < 0o. As in the proof of Proposition 3.2, for the vorticity,
we define the following nonlinear enstrophy-type quantity for ¢ € [1/2,1],

F(t)= |w™lin (¢, x)|?dex.

2 Jps
By Plancherel’s theorem, we have
V™™ L2y S o™ | 2@y = V2F(8)Y/?

From the vorticity equation (3.56) and integrating by part we obtain

O F(t) = —Fy(t)+Fa(t) + F3(t) + Fu(t) + F5(t) + Fs(t)

where

Fit) = [ Ve ) Pde, Far) = /R W (e V),

F3(t) — /]R3 wnlin . (wnlin . V)unhndl‘, F4 (t) — /RS wnlin . (wnlin . V)ulindl‘,

F5(t) — / wnlin . (wlin . V)unlindx’ F6(t) _ / wnlin . (wlin . V)uhndx.
R3 R3

Among these six terms, the third term F3(t) is more delicate to treat as there are
three non-linear terms involving in. For terms F»(t) and Fg(t), we use Holder’s
inequality to get that, for ¢ € [1/2,1],

Fa(t) < [lw™™ (| 2ol pas) V™ || pasy S MPF()Y? < M* + F(t)
and

Fo(t) < [w™| 2 oy o™ | e |1 V0™ sgas) S M2F(8)/2 < M + F(t)

where we used estimate (4.2) and Cauchy-Schwarz inequality. Similarly, for Fy(t)
and F5(t), we have for t € [1/2,1],

Fa(t) < 0|2 sy oo™ | 2 ) | V™ [ e sy S MF(2)
and
F5(t) < J|w™™|| 2 ey [w™ | Lo gy [ VU™ || L2 ray S MF(2).

We now turn to deal with F5(t) by using the bound (4.1). By Littlewood-Paley
decomposition

O / Py, w™™ - (Py,w™ . V) Py, u™ dz,
N1,N2,N3 R?

where N7, Ny, N3 range over powers of two. The integral does not vanish in three
cases: N1 ~ Ny 2 N3, Ny ~ N3 2 N; and Ny ~ N3 2 Ny. Then we control the
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two highest frequency terms in L2 and the lower one in L2°, and by the Littlewood-
Paley, we obtain

Fy(t) < > || Py ™| L2 (m3) || Py @™ | L2 (23) || Py 0™ | Lo m3) -
Nip,N3,N3:N1~N3> N
By (3.2),
1Py ™™ Lo sy S O(MNG).
If N3 > N,, by(4.1) and (2.2) we have (j =1, p1 =¢q1 =p2 = g2 = 0)
1Py @™ ™ | Lo @) = 1Py V X u™ || oo sy S Nl Py ™™ | Lo sy S O(M7 ' N3).
We thus obtain
> Py M lpe@y S Y, My'Ni+ Y MN3
N3<N, N.<N3<Nz N3 <N,
< M;'NZ + MN?
and by Cauchy-Schwarz,
F3(t) S Z ||PN1WHHHHQL3(R3)(M{1N12 +MN?).
Ny
On the other hand, by Plancherel’s theorem,
F(t) = 96 (1, 2) 33 sy ~ 3 1P,z ey N7
Ny

Recall that F(t) = % [5s [w™|? dz, then by Plancherel’s theorem, we get
F(ty~>" [Py ™17 2 (gsy -
Ny

Therefore,
Fs(t) S My Fy(t) + MNZF(t).

Combing the above estimates yields

OWF()+F(t) S M*+F(t)+ M '"Fi+MN2F(t)+ MF(t) S MN2F(t)+M*. (4.3)
Integrating from #; to to with 1/2 < t; <ty < 1 and [ty — 1] < M~IN;? and
applying Gronwall gives

F(ty) S F(ty) + M*. (4.4)

Next, by (3.16), we see

1 1

1 .

/ F(t)dt = 7/ |l 2 dadt < M*.
1/2 2 )12 Jrs

Therefore, by the pigeonhole principle, we see on any time interval in [1/2,1] of
length M~1N_2 there exists at least one time ¢ such that F(t) < M*. Thus, for
all time t € [3/4, 1], we obtain

F(t) < M5N2 < OO, (4.5)

Then, by the fundamental theorem of calculus together with equations (4.3), (4.4),
and (4.5), we get

1
/ Fy(t)dt < NOW.
3/4
Now we conclude the proof by appealing to Proposition 3.2. O
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Next, we prove Theorem 1.1.

Proof of Theorem 1.1. We argue by contradiction. First, we rescale T, = 1. Sup-
pose

i ||u||L3=‘10(]R3)
imsup ————
t—1+ (logloglog 7)°

where ¢ > 0 is a small constant.
Then, for some constant C' > 0 we have for 0 <t <1

1 (&
lull £3.00 3y < C <log10g log (100 + 1—t>> .

Then, by Theorem 1.2, we get for j = 0,1 and for 0 < 1/2 <t <1

IV ul| oo sy S exp exp exp (MOM)¢=U+D/2

o)
1 .
< exp exp exp (log loglog (100 + 1—t>) ¢~ GHD/2

< C(l - t)fl/l().

Similarly, we have
||VjW||Loo(R3) < C(l — t)_l/lo.

This implies that u € L?L3° contradicting the blow-up criterion by Prodi-
Ladyzhenskaya-Serrin. O

Remark 4.2. The constant ¢ appearing in (1.7) depends on the Lorentz parameter
do- This dependence arises from the constant Cp used in the definition of the
hierarchy M; := M €5 in Section 3. The constant Cy must be chosen sufficiently
large to absorb the implicit constants in the Bernstein and heat kernel estimates for
Lorentz spaces (Lemmas 2.3 and 2.4), which depend on qq. Consequently, as the
exponent in the bound of Theorem 4.1 depends on C, the resulting power ¢ in the
blow-up criterion also depends on ¢g.
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Appendix A. Carleman estimates.

Theorem A.1. (General Carleman inequality) Let [t1,t2] be a time interval, and
let u € C®([t1,t2] xR — R™) be a vector-valued test function solving the backwards
heat equation
Lu=f.

with L the backwards heat operator

L = 8t + A
and let g : [t1,t2] x RT — R denote the function

F:=0,9— Ag—|Vg|*

Then we have the inequality
1 1 1
6t/ |Vu|> + = F|ul? ) e da > / —(LF)|ul*+2D%*¢(Vu, Vu)— = |Lu|* | 9 dx
Rd 2 Rd 2 2

for allt € I, where D?g is the bilinear form expressed in coordinates as
D?g(v,w) := (8:0;9)vi - w;

with the usual summation conventions. In particular, from the fundamental theorem
of calculus one has

to 1
/ / (2(LF)|U2 + 2D2g(Vu, Vu)> ed dx
t1 R4

1" 1 -
> f/ / |Lul?e? dx —|—/ (|Vu|2 + F|u2> ed dr[i=h>.
2 t1 Ra Rd 2 t

Theorem A.2. (First Carleman inequality) Let T > 0, 0 < r— < r4, and let A
denote the cylindrical annulus

A={(t,2) eRxR?:t€[0,T);r_ < |z|<ry}.
Let u: A — R3 be a smooth function obeying the differential inequality
|Lu| < C7M T u| + Cy /2T~ 1/2| V)

on A. Assume the inequality
7'2 > 400T

Then one has

T/4 s .

/ / (T |u|? + |Vu|?) dedt < C2e™ 3007 (X + 27+/C0TY),

0 10r_<|z|<r4/2

where
X = // 62\w|2/CoT(Tfl|u|2+ |VU|2) dadt
A

and

Y- / (0, 2)| da.
r—<|z|<ry

Theorem A.3. (Second Carleman inequality) Let T,r > 0 and let C denote the
cylindrical region. Assume the inequality

p? > 40007
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Then for any

0<t << L
L="0"7000

one has
2t0 p2 3/2 2
/ / T V) dad € X g5 et 0) 20,
to z|<p/2

where .
X::/ / (T ul® + |Vul?) dzdt
0 Jz|<p

and
Y = / (0, )| 2ty ¥ 21/ 40 gy,
|z|<p
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